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Abstract
In topological data analysis, persistent homology characterizes robust topological features in data
and it has a summary representation, called a persistence diagram. Statistical research for persistence
diagrams have been actively developed, and the persistence weighted kernel shows several advantages
over other statistical methods for persistence diagrams. If data is drawn from some probability
distribution, the corresponding persistence diagram have randomness. Then, the expectation of
the persistence diagram by the persistence weighted kernel is well-defined. In this paper, we study
relationships between a probability distribution and the persistence weighted kernel in the viewpoint
of (1) the strong law of large numbers and the central limit theorem, (2) a confidence interval to
estimate the expectation of the persistence weighted kernel numerically, and (3) the stability theorem
to ensure the continuity of the map from a probability distribution to the expectation. In numerical
experiments, we demonstrate our method gives an interesting counterexample to a common view in
topological data analysis.
1 Introduction
Topological data analysis (TDA) is a research field utilizing topological properties in data analysis, and
there are a lot of successful works in various research fields; for example, material science [Nakamura et al., 2015,
Hiraoka et al., 2016, Saadatfar et al., 2017], biochemistry [Cang et al., 2015, Gameiro et al., 2015], infor-
mation science [Hiraoka and Kusano, 2016, de Silva and Ghrist, 2007], fluid dynamics [Krama´r et al., 2016],
computer vision [Skraba et al., 2010], and so on. One of the key tools in TDA is persistent homology,
which was first introduced in [Edelsbrunner et al., 2002] to describe robust topological features in data.
For explaining persistent homology intuitively, let us consider that input data is given as a point
set. This situation appears in many applications in TDA. For example, by representing each atom in
some material as its 3-dimensional coordinates, the atomic configuration of the material is represented
as a point set of R3. As another example, let µ be a probability measure on a measurable space M ,
then observations x1, . . . ,xn drawn from µ are also expressed as a point set {x1, . . . ,xn} ⊂ M . For a
point set X ⊂ Rd, we consider an union of balls B(X; a) := ⋃x∈X B(x; a) with radius a > 0, where
B(x; a) = {z ∈ Rd | ‖x− z‖ ≤ a}, and the homology group Hq(B(X; a)) in dimension q with field
coefficient. Let uba : Hq(B(X; a)) → Hq(B(X; b)) (a ≤ b) denote the induced map of the inclusion
Xa ↪→ Xb. Here, we view a nonzero homology class α ∈ Hq(X; a) representing a q-dimensional topological
hole in B(X; a) and call it a generator of the persistent homology. If uba(α) ∈ Hq(B(X; b)) is not zero,
then it is interpreted that a generator α ∈ Hq(X; a) exists at radius a and still persists at radius b. Here,
the maximum and minimum of a radius a at which a generator α ∈ Hq(B(X; a)) persists are called
the birth time and the death time, respectively. The collection of all birth-death pairs of generators is
a multiset of R2 and called the persistence diagram (Figure 1). For a birth-death pair x = (b, d) in a
persistence diagram, its lifetime d− b is called the persistence of x. As Figure 1, a generator with large
(resp. small) persistence is interpreted to represent a large (resp. small) topological hole. Hence, in many
applications, generators with large persistence are viewed as important features in the input data, and
generators with small persistence are treated as topological noise.
In applying a persistence diagram to various problems, it is desirable to analyze persistence diagrams
statistically. However, the definition of a persistence diagram as a multiset of R2 is inappropriate for
directly considering its statistical properties. While standard statistical methods assume that the input
data lies in a space with an inner product structure, a natural inner product for the space of persis-
tence diagrams is not proposed. This gap is an obstacle to developing statistical methods for persistence
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Figure 1: Unions of balls with several radii (left) and the persistence diagram in dimension 1 (right). The
persistence diagram encodes the birth and death time of each generator.
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birth time
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 
<latexit sha1_base64="H3khlJ7seQi9cdBu47r eYIFNA0I=">AAAXB3ictVjPbxtFFH4tv0r40RSkCMTFwiqiUqk2oQKEAJmkahMph9QmcaUkmN31OF1lv V7tbhzSxWcEF46AOIHEAXHghrgiLvwDHPonII5FcOHAe292vWt7dndcybZsj2e+971v3sy8mVnLd50wM oz7584/8uhjjz9x4cmlp55+5tmLy5ee2wsHJ4Etdu2BOwjuWGYoXMcTu5ETueKOHwizb7mibR1vUHt7K ILQGXgfRGe+OOybR57Tc2wzwqrdA0tEZme5blwz+FWbLawmhXrjxU87HwHAzuDS0j9wAF0YgA0n0AcBHk RYdsGEEN/7sAoG+Fh3CDHWBVhyuF3ACJbQ9gRRAhEm1h7j9xH+209qPfxPnCFb2+jFxU+AljW4bPxh/G A8MH43fjT+NP4r5IqZg7Sc4a8lbYXfufj5C61/SxVE0IO32LODSnyuIU225Bje+/JB6+3m5fgV4zvjL1 TzrXHf+A31eMO/7e9vi+Y3lZr6+BvB3ZJIpEgbY1yGshBVFk8TI+dyXz7GOJQx5aNcpsrFEqEc7kGfR3 U+C0ITnqJwjBiKBc2LiOMcUIyxtQfrWHoX3sPvg3HEethOVjG2juAqt7lKpIXvPMpWomzWl8dZBWy9BE XKG6y0j321ed6bWHcPa5dYzQDfPpYctPF4dags3oE1eIMtTBzjIX7TDBMF7A0sCUYLHEmf0V387iUxo/o ufnrc03C8gmpc04D3UZeP/VCzC2bL28VY62E/8t5Uo1DFPUoiNq9qdwGq5YxYlGJ7AYrT2bkozdZCoty bQ3HAGUPmAJkVaJ6fcjbqMyexx7zXUCaMk7JA7jxPkdUNfKdWN7StBO9S0mrIuxepDHFF0+r2Ku199hG Py3L3o7EcjbNfkW2Qs6WceYQRjJgjQOxppW83Z+/yqM9j3cxZNx/C+3bOfntu79sTvU/tHyYKQUEcVVy hRkwDRVSLdZVxUY63ee+Pc6smwJJsvcvtlFs3EJNiy/VtaHOSen1e6qHP8ZnlbY7bqmZUMUfM+20T2/S4 QtxNLSVTK2kpt28V2svItLBNh+cmZ4KohOkm90liqnIF5Wh1fLK2co6dEo4dTQ4nya/T9rK+alY7fK7L W9MZaJZti3FVWiI+hVazSVx1VqHZpcOXIqsYu4gLZ8ZfzZlhdVhNzThm2CpWeY+azg1q1gyrwyo1eNrM GV5nF6TzgsO7vpvsxnlOweeiEddlqE+UGL61TeDKfW9yjWotpC1V2XiApwaVfdpSNQ822boLHaUGnZl0 q5TjlibLVgnHlhbDegnDeo7B5/1zyGMklExtRNJTBbrL1goYCUP1dcTpc7dBPrMg/rWEv53wrHFtnf2mc 7aKz8QdJMypzU4MVBpyPo6YM38yoXLaRjOW5qxkonu5fAZR49Mo/RNaSjy+d/cLteyVaNmb0lIbs+l49 pNTs8rzq8hFHmsTPq+MPaW2Ho+s4KcKoZZXi89pNuPVfY6Vvg+SLEHe8xzz+KQnGZHS677S52HO4wBvU rUpJh3fNkeqO+F1ckVkiGxMsvUh/acYh294Lj+nOdPyT+cxn3fMIv8Zoth/ihnwfNPxS0q93HqVtx4PI +vyKiH+q/y7lkQ9a029Sg75vEn666IOe3wPrZ7hp8h4zGvWZi2vs5Y9+DDpYapghDO+jq1XNPNRypydH PbhetLPdA3OKkijmmatmH2O4DUt5HUej04yqzans2hnub46/TR4trC3dm0Vy7eNeqMB8nUBXoKXsf+r8C Y0kHcHdpHfgS/gK/h65bOVn1Z+XvlFQs+fS2yeh4nXyq//A2FKnL8=</latexit><latexit sha1_base64="/bxGvw0cNzPo+8+K6Nj eNMT7Fp0=">AAAXB3ictVjPb+NEFH67/FrKj+2CVIE4EBEtYqVl5ZYVIAQotKvdVuqhm9J2pbZEtjPpW nVsy3ZTuiZnBBeOgDiBxAFx4Ia4Ii6ckTjsn4A4FsGFw773xo6dZGxPVmqiJJOZ733vmzczb2ZsBa4Tx YZx/9z5Rx597PEnLjw599TTzzx7cf7Sc9uRfxTaYsv2XT+8Y5mRcB1PbMVO7Io7QSjMvuWKHetwhdp3B iKMHN/7MD4JxH7fPPCcnmObMVZt7VkiNjvzTeOawa/GdGExLTRbL37a8f94+XTDvzT3L+xBF3yw4Qj6IM CDGMsumBDhexcWwYAA6/YhwboQSw63CxjCHNoeIUogwsTaQ/w+wH+7aa2H/4kzYmsbvbj4CdGyAZeNP4 0fjFPjd+NH4y/j/1KuhDlIywn+WtJWBJ2Ln7+w+V+lghh68DZ7dlBJwDWkyZYcg3tfnm6+076cvGp8Z/ yNar417hu/oR5v8I/9/W3R/qZWUx9/Y7hbEYkMaWOMq1AWoqriaWLkXO7LxxiHKqZilKtUuVgilMM96P OozmZBaMJTFA4RQ7GgeRFznEOKMbb2YBlL78H7+L03ilgP28kqwdYhXOU2V4m08F1E2UqUzfqKOKuErZ eiSHmLlfaxrzbPexPr7mHtHKvx8R1gyUEbj1eHyuJdWII32cLEMR7gN80wUcLewpJgtMCRDBjdxe9eGjO q7+Knxz2NRiuowTUt+AB1BdgPNbtgtqJdgrUe9qPoTTUKddzDNGKzqnbPQLWcEWel2D4DxdnsPCvN1pl EuTeD4pAzhswBMivQPD/mbNRnTmJPeK+hTJikZYHcRZ4yqxv4zqxuaFsJ3qWk1YB3L1IZ4Yqm1e3V2gf sIxmV5e5HYzkcZb8y27BgSznzACMYM0eI2ONa327B3uVRn8W6XbBuP4T39YL9+sze18d6n9k/TBTCkji quCKNmIaKqJbrquKiHG/z3p8UVk2IJdl6l9spt64gJsNW61vR5iT1+rzUw4DjM83bHrXVzahyjoT32za2 6XFFuJtaSqbNtKXafrPUXkZmE9t0eG5yJogrmG5ynySmLldQjlbHJ2+r5tio4NjQ5HDS/DppL+vrZrXD 57qiNZ2BptnWGFenJeZTaD2bxNVnFZpdOnwZso6xi7hoavzVnDlWh9XUjGOOrWOV96jJ3KBmzbE6rFKD p82c43V2QTovOLzru+luXOQUfC4acl2O+kSJ4VvbGK7a9yrXqNZC1lKXjX08Najss5a6ebDK1l3oKDXo zKRblRy3NFnWKjjWtBiWKxiWCwwB758DHiOhZNpBJD1VoLtso4SRMFTfRJw+9w7IZxbEv5Ty76Q8S1zbZ L/ZnK3jM3EHiQpq8xMDlQacj2PmLJ5MqJy10YylOSuZ6F4un0E0+DRK/4SWEo/v3f1SLdsVWrYntDRGb Dqeg/TUrPL8GnKRx8aYzysjT5mtxyMr+KlCpOXV4nOazXh1nxOl7700S5D3IscsPulJRqz0uqv0uV/w6 ONNqjHBpOPb5kh1x7yOr4gckY9Jvj6k/wzj8A3P5ec0J1r+6TwW8I5Z5j9HlPvPMD7PNx2/pNQrrFd56 /Ewsi6vEuK/yr9LadTz1syr5JDPm6S/LuqwR/fQ+hl+jIyHvGZt1vIGa9mGj9IeZgqGOOOb2HpFMx9lz PnJYReup/3M1uC0giyqWdZK2OcQXtdCXufx6KSzanUyi3bmm4uTT4OnC9tL1xaxfNtotlogXxfgJXgF+7 8Ib0ELeTdgC/kd+AK+gq8XPlv4aeHnhV8k9Py51OZ5GHst/PoAIh6esg==</latexit><latexit sha1_base64="/bxGvw0cNzPo+8+K6Nj eNMT7Fp0=">AAAXB3ictVjPb+NEFH67/FrKj+2CVIE4EBEtYqVl5ZYVIAQotKvdVuqhm9J2pbZEtjPpW nVsy3ZTuiZnBBeOgDiBxAFx4Ia4Ii6ckTjsn4A4FsGFw773xo6dZGxPVmqiJJOZ733vmzczb2ZsBa4Tx YZx/9z5Rx597PEnLjw599TTzzx7cf7Sc9uRfxTaYsv2XT+8Y5mRcB1PbMVO7Io7QSjMvuWKHetwhdp3B iKMHN/7MD4JxH7fPPCcnmObMVZt7VkiNjvzTeOawa/GdGExLTRbL37a8f94+XTDvzT3L+xBF3yw4Qj6IM CDGMsumBDhexcWwYAA6/YhwboQSw63CxjCHNoeIUogwsTaQ/w+wH+7aa2H/4kzYmsbvbj4CdGyAZeNP4 0fjFPjd+NH4y/j/1KuhDlIywn+WtJWBJ2Ln7+w+V+lghh68DZ7dlBJwDWkyZYcg3tfnm6+076cvGp8Z/ yNar417hu/oR5v8I/9/W3R/qZWUx9/Y7hbEYkMaWOMq1AWoqriaWLkXO7LxxiHKqZilKtUuVgilMM96P OozmZBaMJTFA4RQ7GgeRFznEOKMbb2YBlL78H7+L03ilgP28kqwdYhXOU2V4m08F1E2UqUzfqKOKuErZ eiSHmLlfaxrzbPexPr7mHtHKvx8R1gyUEbj1eHyuJdWII32cLEMR7gN80wUcLewpJgtMCRDBjdxe9eGjO q7+Knxz2NRiuowTUt+AB1BdgPNbtgtqJdgrUe9qPoTTUKddzDNGKzqnbPQLWcEWel2D4DxdnsPCvN1pl EuTeD4pAzhswBMivQPD/mbNRnTmJPeK+hTJikZYHcRZ4yqxv4zqxuaFsJ3qWk1YB3L1IZ4Yqm1e3V2gf sIxmV5e5HYzkcZb8y27BgSznzACMYM0eI2ONa327B3uVRn8W6XbBuP4T39YL9+sze18d6n9k/TBTCkji quCKNmIaKqJbrquKiHG/z3p8UVk2IJdl6l9spt64gJsNW61vR5iT1+rzUw4DjM83bHrXVzahyjoT32za2 6XFFuJtaSqbNtKXafrPUXkZmE9t0eG5yJogrmG5ynySmLldQjlbHJ2+r5tio4NjQ5HDS/DppL+vrZrXD 57qiNZ2BptnWGFenJeZTaD2bxNVnFZpdOnwZso6xi7hoavzVnDlWh9XUjGOOrWOV96jJ3KBmzbE6rFKD p82c43V2QTovOLzru+luXOQUfC4acl2O+kSJ4VvbGK7a9yrXqNZC1lKXjX08Najss5a6ebDK1l3oKDXo zKRblRy3NFnWKjjWtBiWKxiWCwwB758DHiOhZNpBJD1VoLtso4SRMFTfRJw+9w7IZxbEv5Ty76Q8S1zbZ L/ZnK3jM3EHiQpq8xMDlQacj2PmLJ5MqJy10YylOSuZ6F4un0E0+DRK/4SWEo/v3f1SLdsVWrYntDRGb Dqeg/TUrPL8GnKRx8aYzysjT5mtxyMr+KlCpOXV4nOazXh1nxOl7700S5D3IscsPulJRqz0uqv0uV/w6 ONNqjHBpOPb5kh1x7yOr4gckY9Jvj6k/wzj8A3P5ec0J1r+6TwW8I5Z5j9HlPvPMD7PNx2/pNQrrFd56 /Ewsi6vEuK/yr9LadTz1syr5JDPm6S/LuqwR/fQ+hl+jIyHvGZt1vIGa9mGj9IeZgqGOOOb2HpFMx9lz PnJYReup/3M1uC0giyqWdZK2OcQXtdCXufx6KSzanUyi3bmm4uTT4OnC9tL1xaxfNtotlogXxfgJXgF+7 8Ib0ELeTdgC/kd+AK+gq8XPlv4aeHnhV8k9Py51OZ5GHst/PoAIh6esg==</latexit><latexit sha1_base64="/bxGvw0cNzPo+8+K6Nj eNMT7Fp0=">AAAXB3ictVjPb+NEFH67/FrKj+2CVIE4EBEtYqVl5ZYVIAQotKvdVuqhm9J2pbZEtjPpW nVsy3ZTuiZnBBeOgDiBxAFx4Ia4Ii6ckTjsn4A4FsGFw773xo6dZGxPVmqiJJOZ733vmzczb2ZsBa4Tx YZx/9z5Rx597PEnLjw599TTzzx7cf7Sc9uRfxTaYsv2XT+8Y5mRcB1PbMVO7Io7QSjMvuWKHetwhdp3B iKMHN/7MD4JxH7fPPCcnmObMVZt7VkiNjvzTeOawa/GdGExLTRbL37a8f94+XTDvzT3L+xBF3yw4Qj6IM CDGMsumBDhexcWwYAA6/YhwboQSw63CxjCHNoeIUogwsTaQ/w+wH+7aa2H/4kzYmsbvbj4CdGyAZeNP4 0fjFPjd+NH4y/j/1KuhDlIywn+WtJWBJ2Ln7+w+V+lghh68DZ7dlBJwDWkyZYcg3tfnm6+076cvGp8Z/ yNar417hu/oR5v8I/9/W3R/qZWUx9/Y7hbEYkMaWOMq1AWoqriaWLkXO7LxxiHKqZilKtUuVgilMM96P OozmZBaMJTFA4RQ7GgeRFznEOKMbb2YBlL78H7+L03ilgP28kqwdYhXOU2V4m08F1E2UqUzfqKOKuErZ eiSHmLlfaxrzbPexPr7mHtHKvx8R1gyUEbj1eHyuJdWII32cLEMR7gN80wUcLewpJgtMCRDBjdxe9eGjO q7+Knxz2NRiuowTUt+AB1BdgPNbtgtqJdgrUe9qPoTTUKddzDNGKzqnbPQLWcEWel2D4DxdnsPCvN1pl EuTeD4pAzhswBMivQPD/mbNRnTmJPeK+hTJikZYHcRZ4yqxv4zqxuaFsJ3qWk1YB3L1IZ4Yqm1e3V2gf sIxmV5e5HYzkcZb8y27BgSznzACMYM0eI2ONa327B3uVRn8W6XbBuP4T39YL9+sze18d6n9k/TBTCkji quCKNmIaKqJbrquKiHG/z3p8UVk2IJdl6l9spt64gJsNW61vR5iT1+rzUw4DjM83bHrXVzahyjoT32za2 6XFFuJtaSqbNtKXafrPUXkZmE9t0eG5yJogrmG5ynySmLldQjlbHJ2+r5tio4NjQ5HDS/DppL+vrZrXD 57qiNZ2BptnWGFenJeZTaD2bxNVnFZpdOnwZso6xi7hoavzVnDlWh9XUjGOOrWOV96jJ3KBmzbE6rFKD p82c43V2QTovOLzru+luXOQUfC4acl2O+kSJ4VvbGK7a9yrXqNZC1lKXjX08Najss5a6ebDK1l3oKDXo zKRblRy3NFnWKjjWtBiWKxiWCwwB758DHiOhZNpBJD1VoLtso4SRMFTfRJw+9w7IZxbEv5Ty76Q8S1zbZ L/ZnK3jM3EHiQpq8xMDlQacj2PmLJ5MqJy10YylOSuZ6F4un0E0+DRK/4SWEo/v3f1SLdsVWrYntDRGb Dqeg/TUrPL8GnKRx8aYzysjT5mtxyMr+KlCpOXV4nOazXh1nxOl7700S5D3IscsPulJRqz0uqv0uV/w6 ONNqjHBpOPb5kh1x7yOr4gckY9Jvj6k/wzj8A3P5ec0J1r+6TwW8I5Z5j9HlPvPMD7PNx2/pNQrrFd56 /Ewsi6vEuK/yr9LadTz1syr5JDPm6S/LuqwR/fQ+hl+jIyHvGZt1vIGa9mGj9IeZgqGOOOb2HpFMx9lz PnJYReup/3M1uC0giyqWdZK2OcQXtdCXufx6KSzanUyi3bmm4uTT4OnC9tL1xaxfNtotlogXxfgJXgF+7 8Ib0ELeTdgC/kd+AK+gq8XPlv4aeHnhV8k9Py51OZ5GHst/PoAIh6esg==</latexit><latexit sha1_base64="4GCrueFz8JvWjKwPffJ 0Kw0l0UM=">AAAXB3ictVjPbxtFFH5t+VHCj6ZFspC4WFhFVGqrjakAIUAmqdpEyiG1SVIpCdbuepyus l6vdjcO6eI/AC4cAXECiQPiwA1xRVz4Bzj0T0Aci+DCgffe7HrX9uzuuFJs2R7PfO9737yZeTOzlu86Y WQYj86dv/DU0888e/G5pedfePGlS8uXr+yEw+PAFtv20B0G9y0zFK7jie3IiVxx3w+EObBcsWsdrVH77 kgEoTP0PopOfXEwMA89p+/YZoRV2/uWiMzucsO4afCrPl9YSQoNSF5bw8tL/8A+9GAINhzDAAR4EGHZBR NCfO/BChjgY90BxFgXYMnhdgFjWELbY0QJRJhYe4Tfh/hvL6n18D9xhmxtoxcXPwFa1uGq8Yfxg/HY+N 340fjT+K+QK2YO0nKKv5a0FX730uevdP4tVRBBH95hzw4q8bmGNNmSY/Twy8edd9tX49eN74y/UM23xi PjN9Tjjf62v78n2t9UahrgbwQPSiKRIm2McRnKQlRZPE2MnMt9+QTjUMaUj3KZKhdLhHK4BwMe1cUsCE 14isIRYigWNC8ijnNAMcbWPqxi6X34AL/3JxHrYztZxdg6huvc5iqRFr7zKFuJsllfHmcVsPUTFClvsd IB9tXmeW9i3UOsXWI1Q3z7WHLQxuPVobJ4D5rwFluYOMYj/KYZJgrYW1gSjBY4kj6je/jdT2JG9T389Lm n4WQF1bmmBR+iLh/7oWYXzJa3i7HWw37kvalGoYp7nERsUdXuGaiWM+KsFNtnoDidnWel2TqTKPcXUBx wxpA5QGYFmucnnI0GzEnsMe81lAnjpCyQO89TZHUb36nVbW0rwbuUtBrx7kUqQ1zRtLq9SnuffcSTstz 9aCzHk+xXZBvkbClnHmIEI+YIEHtS6dvN2bs86otYt3PW7Sfwvpmz31zY++ZU71P7J4lCUBBHFVeoEdN AEdViXWVclONt3vvj3KoJsCRbH3A75dY1xKTYcn1r2pykXp+XeuhzfOZ525O2qhlVzBHzftvGNj2uEHdT S8nUSVrK7TuF9jIyHWzT4bnDmSAqYbrDfZKYqlxBOVodn6ytnGOrhGNLk8NJ8uusvayvmtUOn+vy1nQG mmfbYFyVlohPodVsEledVWh26fClyCrGHuLCufFXc2ZYHVZTM44ZtopV3qNmc4OaNcPqsEoNnjZzhtfZ Bem84PCu7ya7cZ5T8LlozHUZ6lMlhm9tU7hy3+tco1oLaUtVNh7iqUFln7ZUzYN1tu5BV6lBZybdLeW4 q8myUcKxocWwWsKwmmPwef8c8RgJJdMuIumpAt1l6wWMhKH6BuL0uXdBPrMg/mbCv5vwNLm2wX7TOVvFZ +IOEubUZicGKo04H0fMmT+ZUDltoxlLc1Yy0b1cPoOo82mU/gktJR7fuweFWnZKtOzMaKlP2HQ8+8mpW eX5DeQij/Upn9cmnlJbj0dW8FOFUMurxec0m/HqPsdK3/tJliDveY5FfNKTjEjpdU/p8yDncYg3qfoMk 45vmyPVm/I6vSIyRDYm2fqQ/lOMwzc8l5/TnGr5p/OYzztmkf8MUew/xQx5vun4JaVebr3KW4+HkXV5l RD/df5tJlHPWlOvkkM+b5L+eqjDntxDq2f4CTIe8Zq1WcubrGUHPk56mCoY44xvYOs1zXyUMmcnhz24l fQzXYPzCtKoplkrZp9juKGFvMXj0U1m1fpsFu0uN1ZmnwbPF3aaN1ewfM9otFrJk+KL8Cq8hv1fgbehhb xbsI38DnwBX8HXtc9qP9V+rv0ioefPJTYvw9Sr9uv/9/qbIA==</latexit>
The generator    persists beyond   .d
<latexit sha1_base64="420my2Fsp/Pkjhfz9fu3mZ6qlGI=">AAAWo3ictVh PbxtFFH9t+VPCn6ZFipC4WFhBVGqjtakAoQImqdpE5JA4jVMpCdHuepyusl6vdjcO6eIjF7iCOHACiQPiUyAkxBfg0I+AeiwSFw6892bXu7ZndyeVYsv2eN7v/d6b N2/ezKzlu04YGcbjCxcvPff8Cy9efmnu5Vdefe3K/NVrnXBwHNhi2x64g+CBZYbCdTyxHTmRKx74gTD7lit2rKMVku8MRRA6A+9+dOqL/b556Dk9xzYj7NrsHszXj SWDX7XZRiNp1D/57clXNQDYGFyd+wP2oAsDsOEY+iDAgwjbLpgQ4nsXGmCAj337EGNfgC2H5QJGMIe6x4gSiDCx9wi/D/HfbtLr4X/iDFnbRisufgLUrMGi8Zfxi /HU+NP41fjb+K+QK2YO8uUUfy2pK/yDK1+/sfVvqQcR9OADtuygJz73kE+25Bg++v7p1oftxfht4yfjCXrzo/HY+B398Yb/2D9vivYPlT718TeChyWRSJE2xrgMZS GqLJ4mRs7lsXyBcShjykd5jnHk5RHKyFeat4jjEFAMUNqDZWx9BB/j9954RD2Uk1aM0hHcYJmrRFr4zqNsJcrmEeRxVgFbL0GR5y32tI9jtDkvTex7hL1z7M0A3z6 2HNTxOHtVGrehCe+xholzMMRvygBRwN7ClmC0wEj7jO7idy+JGfV38dPjkYbjDK9xTws+Rb98HIeaXTBbXi/GXg/HkbemmoUq7lESsbN67Z6D1zIjzstj+xw8TrPz vHy2ziXKvTN4HHClkDVAVgXK8xOuFn3mJPaY9wKqVHHSFsid5ynSuoPvVOuOtpbgXURqDXl3IS9DXNG0ur1KfZ9txOO23J1oLkfj6lekG+R0A9Q6xAhGzBEg9qTSt pvTd3nWz6Ldzmm3n8H6ek5//czW1ydGn+o/SxSCgjiquEKNmAaKqBb7VcZFNd7mvTnOrZoAW1L6kOVUW1cQk2LL/VvR5iTv9XlphD7HZ5a3PZZVZVQxR8z7bRtle lwh7qaWkmkrkZTrbxXqy8hsoUyH5y5XgqiE6S6PSWKqagXVaHV8Mlk5x0YJx4Ymh5PU12l92V+V1Q6fE/PadAaaZVtjXJUvEZ8Sq9kkrrqqUHbp8KXIKsYu4sKZ+V dzZlgdVlMzjhm2ilXec6Zrg5o1w+qwSh88beYMr7ML0nnB4V3fTXbjPKfgc9GI+zLUl0oM36omcOW2V7lHtRZSSVU1HuCpQaWfSqryYJW1u3Cg9EEnk+6VctzTZFk r4VjTYlguYVjOMfi8fw55joSSaQeRdOunu2atgJEw1F9HnD73DshnCsTfTPh3Ep4m99bZbpqzVXwm7iBhztvsxECtIdfjiDnzJxNqpzLKWMpZyUT3ZvmMoManUfon tDzx+L7dL/SlU+JLZ8qX2phNx7KfnJpVlt9BLrJYm7B5fWwp1fV4ZgU/TQi1rFp8TrMZrx5zrLS9l1QJsp7nOItNepIRKa3uKm3u5ywO8CZVm2LSsW1zpLoTVidXR IbI5iRbH9J+inH4hufibwSnWvbpPObzjllkP0MU208xA843HbvkqZdbr/LW42FkXV4lxH+Df5tJ1DNpalVyyOdN0l4X/bDH99DqDD9BxiNeszb78i770oHPkxGmH oww4+sova5Zj1Lm7OSwC7eScaZrcNaDNKpp1YrZ5ghuaiFv8XwcJFm1Ol1FD+brjemntbONTnOpYSw1No166zbI12V4E97C8TfgfWgh7wZs89r6Br6F7xYWFz5baC /cl9CLFxKd12HitbD/Pxn5hpg=</latexit><latexit sha1_base64="blVQsciNhv4oj/I8Q+LtKr1Luug=">AAAWo3ictVh PbxtFFH8t/0r40xQkCwkJWVhBVCrROlSAUIGQVG0ickjsxqmUhGh3PU5XWa9XuxuHdPGRC1xBHDiBxAHxBbgiJMQX4NCPgMqtSFw48N6bXe/ant2dVIot2+N5v/d7 b968eTOzlu86YWQYDy5cfOLJp55+5tKzc889/8KLl+evvNQJB8eBLbbtgTsI7lpmKFzHE9uRE7nirh8Is2+5Ysc6WiX5zlAEoTPw7kSnvtjvm4ee03NsM8Kure7Bf MNYNPhVn200k0bjo18ffvHaL1t/bw6uzP0Oe9CFAdhwDH0Q4EGEbRdMCPG9C00wwMe+fYixL8CWw3IBI5hD3WNECUSY2HuE34f4bzfp9fA/cYasbaMVFz8BatZhw fjT+Ml4ZPxh/Gz8ZfxXyBUzB/lyir+W1BX+weUvX2n/W+pBBD14jy076InPPeSTLTmG97991H6/tRC/YfxgPERvvjceGL+hP97wH/vHLdH6rtKnPv5GcK8kEinSxh iXoSxElcXTxMi5PJbPMA5lTPkozzGOvDxCGflK8xZxHAKKAUp7sIKtD+BD/N4bj6iHctKKUTqCayxzlUgL33mUrUTZPII8zipg6yUo8nyZPe3jGG3OSxP77mPvHHs zwLePLQd1PM5elcYNWIJ3WMPEORjiN2WAKGBfxpZgtMBI+4zu4ncviRn1d/HT45GG4wyvc88yfIx++TgONbtgtrxejL0ejiNvTTULVdyjJGJn9do9B69lRpyXx/Y5 eJxm53n5bJ1LlHtn8DjgSiFrgKwKlOcnXC36zEnsMe8FVKnipC2QO89TpHUT36nWTW0twbuI1Bry7kJehriiaXV7lfo+24jHbbk70VyOxtWvSDfI6QaodYgRjJgjQ OxJpW03p+/yrJ9Fu5XTbj2G9Y2c/saZrW9MjD7Vf5woBAVxVHGFGjENFFEt9quMi2q8zXtznFs1Abak9B7LqbauIibFlvu3qs1J3uvz0gh9js8sb2ssq8qoYo6Y9 9sWyvS4QtxNLSVTO5GU67cL9WVk2ijT4bnFlSAqYbrFY5KYqlpBNVodn0xWzrFZwrGpyeEk9XVaX/ZXZbXD58S8Np2BZtnWGVflS8SnxGo2iauuKpRdOnwpsoqxi7 hwZv7VnBlWh9XUjGOGrWKV95zp2qBmzbA6rNIHT5s5w+vsgnRecHjXd5PdOM8p+Fw04r4M9bkSw7eqCVy57TXuUa2FVFJVjQd4alDpp5KqPFhj7S4cKH3QyaTbpRy 3NVnWSzjWtRhWShhWcgw+759DniOhZNpBJN366a5ZL2AkDPU3EKfPvQPymQLxLyX8OwnPEvc22G6as1V8Ju4gYc7b7MRArSHX44g58ycTaqcyyljKWclE92b5jKDO p1H6J7Q88fi+3S/0pVPiS2fKl/qYTceyn5yaVZbfRC6yWJ+weXVsKdX1eGYFP00ItaxafE6zGa8ec6y0vZdUCbKe5ziLTXqSESmt7ipt7ucsDvAmVZ9i0rFtc6S6E 1YnV0SGyOYkWx/Sfopx+Ibn4m8Ep1r26Tzm845ZZD9DFNtPMQPONx275KmXW6/y1uNhZF1eJcR/jX+Xkqhn0tSq5JDPm6S9Lvphj++h1Rl+goxHvGZt9uVt9qUDn yYjTD0YYcY3UHpVsx6lzNnJYReuJ+NM1+CsB2lU06oVs80RvKWFvM7zcZBk1dp0FT2YbzSnn9bONjpLi01jsbllNJZvgHxdglfhdRx/E96FZeTdhG1eW1/B1/BNba H2Sa1VuyOhFy8kOi/DxKu2/z8faYiL</latexit><latexit sha1_base64="blVQsciNhv4oj/I8Q+LtKr1Luug=">AAAWo3ictVh PbxtFFH8t/0r40xQkCwkJWVhBVCrROlSAUIGQVG0ickjsxqmUhGh3PU5XWa9XuxuHdPGRC1xBHDiBxAHxBbgiJMQX4NCPgMqtSFw48N6bXe/ant2dVIot2+N5v/d7 b968eTOzlu86YWQYDy5cfOLJp55+5tKzc889/8KLl+evvNQJB8eBLbbtgTsI7lpmKFzHE9uRE7nirh8Is2+5Ysc6WiX5zlAEoTPw7kSnvtjvm4ee03NsM8Kure7Bf MNYNPhVn200k0bjo18ffvHaL1t/bw6uzP0Oe9CFAdhwDH0Q4EGEbRdMCPG9C00wwMe+fYixL8CWw3IBI5hD3WNECUSY2HuE34f4bzfp9fA/cYasbaMVFz8BatZhw fjT+Ml4ZPxh/Gz8ZfxXyBUzB/lyir+W1BX+weUvX2n/W+pBBD14jy076InPPeSTLTmG97991H6/tRC/YfxgPERvvjceGL+hP97wH/vHLdH6rtKnPv5GcK8kEinSxh iXoSxElcXTxMi5PJbPMA5lTPkozzGOvDxCGflK8xZxHAKKAUp7sIKtD+BD/N4bj6iHctKKUTqCayxzlUgL33mUrUTZPII8zipg6yUo8nyZPe3jGG3OSxP77mPvHHs zwLePLQd1PM5elcYNWIJ3WMPEORjiN2WAKGBfxpZgtMBI+4zu4ncviRn1d/HT45GG4wyvc88yfIx++TgONbtgtrxejL0ejiNvTTULVdyjJGJn9do9B69lRpyXx/Y5 eJxm53n5bJ1LlHtn8DjgSiFrgKwKlOcnXC36zEnsMe8FVKnipC2QO89TpHUT36nWTW0twbuI1Bry7kJehriiaXV7lfo+24jHbbk70VyOxtWvSDfI6QaodYgRjJgjQ OxJpW03p+/yrJ9Fu5XTbj2G9Y2c/saZrW9MjD7Vf5woBAVxVHGFGjENFFEt9quMi2q8zXtznFs1Abak9B7LqbauIibFlvu3qs1J3uvz0gh9js8sb2ssq8qoYo6Y9 9sWyvS4QtxNLSVTO5GU67cL9WVk2ijT4bnFlSAqYbrFY5KYqlpBNVodn0xWzrFZwrGpyeEk9XVaX/ZXZbXD58S8Np2BZtnWGVflS8SnxGo2iauuKpRdOnwpsoqxi7 hwZv7VnBlWh9XUjGOGrWKV95zp2qBmzbA6rNIHT5s5w+vsgnRecHjXd5PdOM8p+Fw04r4M9bkSw7eqCVy57TXuUa2FVFJVjQd4alDpp5KqPFhj7S4cKH3QyaTbpRy 3NVnWSzjWtRhWShhWcgw+759DniOhZNpBJN366a5ZL2AkDPU3EKfPvQPymQLxLyX8OwnPEvc22G6as1V8Ju4gYc7b7MRArSHX44g58ycTaqcyyljKWclE92b5jKDO p1H6J7Q88fi+3S/0pVPiS2fKl/qYTceyn5yaVZbfRC6yWJ+weXVsKdX1eGYFP00ItaxafE6zGa8ec6y0vZdUCbKe5ziLTXqSESmt7ipt7ucsDvAmVZ9i0rFtc6S6E 1YnV0SGyOYkWx/Sfopx+Ibn4m8Ep1r26Tzm845ZZD9DFNtPMQPONx275KmXW6/y1uNhZF1eJcR/jX+Xkqhn0tSq5JDPm6S9Lvphj++h1Rl+goxHvGZt9uVt9qUDn yYjTD0YYcY3UHpVsx6lzNnJYReuJ+NM1+CsB2lU06oVs80RvKWFvM7zcZBk1dp0FT2YbzSnn9bONjpLi01jsbllNJZvgHxdglfhdRx/E96FZeTdhG1eW1/B1/BNba H2Sa1VuyOhFy8kOi/DxKu2/z8faYiL</latexit><latexit sha1_base64="blVQsciNhv4oj/I8Q+LtKr1Luug=">AAAWo3ictVh PbxtFFH8t/0r40xQkCwkJWVhBVCrROlSAUIGQVG0ickjsxqmUhGh3PU5XWa9XuxuHdPGRC1xBHDiBxAHxBbgiJMQX4NCPgMqtSFw48N6bXe/ant2dVIot2+N5v/d7 b968eTOzlu86YWQYDy5cfOLJp55+5tKzc889/8KLl+evvNQJB8eBLbbtgTsI7lpmKFzHE9uRE7nirh8Is2+5Ysc6WiX5zlAEoTPw7kSnvtjvm4ee03NsM8Kure7Bf MNYNPhVn200k0bjo18ffvHaL1t/bw6uzP0Oe9CFAdhwDH0Q4EGEbRdMCPG9C00wwMe+fYixL8CWw3IBI5hD3WNECUSY2HuE34f4bzfp9fA/cYasbaMVFz8BatZhw fjT+Ml4ZPxh/Gz8ZfxXyBUzB/lyir+W1BX+weUvX2n/W+pBBD14jy076InPPeSTLTmG97991H6/tRC/YfxgPERvvjceGL+hP97wH/vHLdH6rtKnPv5GcK8kEinSxh iXoSxElcXTxMi5PJbPMA5lTPkozzGOvDxCGflK8xZxHAKKAUp7sIKtD+BD/N4bj6iHctKKUTqCayxzlUgL33mUrUTZPII8zipg6yUo8nyZPe3jGG3OSxP77mPvHHs zwLePLQd1PM5elcYNWIJ3WMPEORjiN2WAKGBfxpZgtMBI+4zu4ncviRn1d/HT45GG4wyvc88yfIx++TgONbtgtrxejL0ejiNvTTULVdyjJGJn9do9B69lRpyXx/Y5 eJxm53n5bJ1LlHtn8DjgSiFrgKwKlOcnXC36zEnsMe8FVKnipC2QO89TpHUT36nWTW0twbuI1Bry7kJehriiaXV7lfo+24jHbbk70VyOxtWvSDfI6QaodYgRjJgjQ OxJpW03p+/yrJ9Fu5XTbj2G9Y2c/saZrW9MjD7Vf5woBAVxVHGFGjENFFEt9quMi2q8zXtznFs1Abak9B7LqbauIibFlvu3qs1J3uvz0gh9js8sb2ssq8qoYo6Y9 9sWyvS4QtxNLSVTO5GU67cL9WVk2ijT4bnFlSAqYbrFY5KYqlpBNVodn0xWzrFZwrGpyeEk9XVaX/ZXZbXD58S8Np2BZtnWGVflS8SnxGo2iauuKpRdOnwpsoqxi7 hwZv7VnBlWh9XUjGOGrWKV95zp2qBmzbA6rNIHT5s5w+vsgnRecHjXd5PdOM8p+Fw04r4M9bkSw7eqCVy57TXuUa2FVFJVjQd4alDpp5KqPFhj7S4cKH3QyaTbpRy 3NVnWSzjWtRhWShhWcgw+759DniOhZNpBJN366a5ZL2AkDPU3EKfPvQPymQLxLyX8OwnPEvc22G6as1V8Ju4gYc7b7MRArSHX44g58ycTaqcyyljKWclE92b5jKDO p1H6J7Q88fi+3S/0pVPiS2fKl/qYTceyn5yaVZbfRC6yWJ+weXVsKdX1eGYFP00ItaxafE6zGa8ec6y0vZdUCbKe5ziLTXqSESmt7ipt7ucsDvAmVZ9i0rFtc6S6E 1YnV0SGyOYkWx/Sfopx+Ibn4m8Ep1r26Tzm845ZZD9DFNtPMQPONx275KmXW6/y1uNhZF1eJcR/jX+Xkqhn0tSq5JDPm6S9Lvphj++h1Rl+goxHvGZt9uVt9qUDn yYjTD0YYcY3UHpVsx6lzNnJYReuJ+NM1+CsB2lU06oVs80RvKWFvM7zcZBk1dp0FT2YbzSnn9bONjpLi01jsbllNJZvgHxdglfhdRx/E96FZeTdhG1eW1/B1/BNba H2Sa1VuyOhFy8kOi/DxKu2/z8faYiL</latexit><latexit sha1_base64="BIhjtpUqxkHABcrUQKFBvHYSrXM=">AAAWo3ictVh fbxtFEJ+2/CnmT9MiRUi8WFhBVGqjs6kAoYJCUrWJyEPiNEmlJFh353V6yvl8urs4pIe/ALyCeOAJJB4QHwMJ8QV46EdAPBaJFx6Ymb3zne29u3Wl2LK93vnNb2Zn Z2d3z/JdJ4wM4+mly1deePGll6++Unv1tdffuLZw/cZeODgNbLFrD9xB8MgyQ+E6ntiNnMgVj/xAmH3LFfvWyRrJ94ciCJ2B9zA698VR3zz2nJ5jmxF2bXc7Cw1j2 eBXfbbRTBoNSF5bg+u13+EQujAAG06hDwI8iLDtggkhvg+gCQb42HcEMfYF2HJYLmAENdQ9RZRAhIm9J/h9jP8Okl4P/xNnyNo2WnHxE6BmHZaMP41fjGfGH8avx l/Gf4VcMXOQL+f4a0ld4Xeuff3Wzr+lHkTQg4/YsoOe+NxDPtmSY/jk+2c7H7eX4neNn4y/0ZsfjafGb+iPN/zH/nlbtH+o9KmPvxE8LolEirQxxmUoC1Fl8TQxci 6P5UuMQxlTPso1xpGXJygjX2neIo5DQDFAaQ9WsfUJfIrfh+MR9VBOWjFKR3CLZa4SaeE7j7KVKJtHkMdZBWy9BEWer7CnfRyjzXlpYt8T7K2xNwN8+9hyUMfj7FV p3IUWfMAaJs7BEL8pA0QB+wq2BKMFRtpndBe/e0nMqL+Lnx6PNBxneJ17VuAz9MvHcajZBbPl9WLs9XAceWuqWajiHiURm9dr9wK8lhlxUR7bF+Bxmp0X5bN1IVHu zeFxwJVC1gBZFSjPz7ha9JmT2GPeC6hSxUlbIHeep0jrHr5TrXvaWoJ3Eak15N2FvAxxRdPq9ir1fbYRj9tyd6K5HI2rX5FukNMNUOsYIxgxR4DYs0rbbk7f5VmfR 7ud024/h/XNnP7m3NY3J0af6j9PFIKCOKq4Qo2YBoqoFvtVxkU13ua9Oc6tmgBbUvqY5VRb1xCTYsv9W9PmJO/1eWmEPsdnlrc9llVlVDFHzPttG2V6XCHuppaSa SeRlOvvFOrLyOygTIfnPleCqITpPo9JYqpqBdVodXwyWTnHVgnHliaHk9TXaX3ZX5XVDp8T89p0Bppl22BclS8RnxKr2SSuuqpQdunwpcgqxi7iwpn5V3NmWB1WUz OOGbaKVd5zpmuDmjXD6rBKHzxt5gyvswvSecHhXd9NduM8p+Bz0Yj7MtRXSgzfqiZw5bbXuUe1FlJJVTUe4KlBpZ9KqvJgnbW70FH6oJNJD0o5HmiybJRwbGgxrJY wrOYYfN4/hzxHQsm0j0i69dNds17ASBjqbyBOn3sf5DMF4m8l/PsJT4t7G2w3zdkqPhN3kDDnbXZioNaQ63HEnPmTCbVTGWUs5axkonuzfEZQ59Mo/RNannh83+4X +rJX4svelC/1MZuOZT85Nassv4dcZLE+YfPm2FKq6/HMCn6aEGpZtficZjNePeZYafswqRJkPc8xj016khEprR4obR7lLA7wJlWfYtKxbXOkuhNWJ1dEhsjmJFsf0 n6KcfiG5+JvBOda9uk85vOOWWQ/QxTbTzEDzjcdu+Spl1uv8tbjYWRdXiXEf4t/W0nUM2lqVXLI503SXhf9sMf30OoMP0PGE16zNvvyPvuyB18kI0w9GGHGN1B6U 7MepczZyeEA7iTjTNfgrAdpVNOqFbPNEdzWQt7h+egkWbU+XUU7C43m9NPa2cZea7lpLDe3jcbK3eRJ7lV4G97B8TfhQ1hB3i3Y5bX1DXwL3y0uLX6+2F58KKGXLy U6b8LEa/Hof4BYhAg=</latexit> 
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diagrams. In order to avoid this obstacle, many research in statistical TDA consider to transform a per-
sistence diagram to an element in a Hilbert space [Adams et al., 2017, Bubenik, 2015, Cang et al., 2015,
Carriere et al., 2017, Donatini et al., 1998, Kusano et al., 2018, Reininghaus et al., 2015, Robins and Turner, 2016].
In this paper, we focus on the persistence weighted kernel (PWK) [Kusano et al., 2016, Kusano et al., 2018],
1 which is a recently developed statistical method for persistence diagrams. The PWK is composed of a
positive definite kernel k : R2×R2 → R and a weight function w : R2 → R. While a one-variable function
k(·, x) : R2 → R, z 7→ k(z, x) (x ∈ R2) is in a functional space on R2, it is shown that k(·, x) is an element
in a Hilbert space, which is called the reproducing kernel Hilbert space (RKHS) of k. Here, we transform
a persistence diagram D = {xi = (bi, di) ∈ R2 | i ∈ I} to a weighted sum V k,w(D) :=
∑
x∈D w(x)k(·, x)
and call it the PWK vector.
Contributions
In an appropriate condition, a persistence diagram D can be viewed as a sample drawn from some
probability distribution P . Then, the PWK vector V k,w(D) is a random variable taking values in the
RKHS, and the expectation E[V k,w(D)] is well-defined. Contributions in this paper are summarized as
follows:
(1) Let D1, . . . , Dn be i.i.d. samples drawn from P and V
k,w
n := n
−1∑n
i=1 V
k,w(Di) be the sample
mean. In order to understand probabilistic properties of the PWK vector, we will describe the convergence
of V
k,w
n to E[V k,w(D)] by showing the strong law of large numbers (Theorem 3.3) and the central limit
theorem for PWK vectors (Theorem 3.4).
(2) From the strong law of large numbers for PWK vectors, we have the almost sure convergence
V
k,w
n
a.s.−−→ E[V k,w(D)] as n goes to ∞. In practice, the number of samples n is finite. Then, we are
interested in how V
k,w
n for the fixed number n is close to E[V k,w(D)]. We formalize this question in the
context of a confidence interval. A confidence interval for a parameter θ ∈ R is an interval which contains
the parameter θ with high probability. Since a PWK vector V k,w(D) : R2 → R, z 7→ ∑x∈D w(x)k(z, x)
is a real-valued function on R2, by regarding E[V k,w(D)] as a real-valued function on R2, we construct
the confidence interval for E[V k,w(D)] (Theorem 4.8).
(3) When the sample mean V
k,w
n is viewed as the expectation of the empirical distribution ofD1, . . . , Dn,
the difference between two expectations of a (true) distribution P and its empirical distribution is esti-
mated to be small from the strong law of large numbers. Then, these probability distributions are also
considered to be close with an appropriate distance on probability distributions when n is large. We
will generalize this by showing that the map from a probability distribution of persistence diagrams to
the expectation of a PWK vector is Lipschitz continuous (Theorem 5.5), which is the stability of the
expectation of a PWK vector.
1This was originally called the persistence weighted Gaussian kernel in [Kusano et al., 2016, Kusano et al., 2018] because
we mainly focused on the Gaussian kernel k(x, y) = exp(−‖x− y‖2 /2σ2) (σ > 0) as the positive definite kernel, but the
framework can be generalized to other positive definite kernels. Hence, we drop the word “Gaussian” here.
2
Related work
A first study of vectorizing a persistence diagram is a persistence landscape [Bubenik, 2015], which is
an Lp(N × R) function made from a persistence diagram, and [Bubenik, 2015] shows the strong law of
large numbers and the central limit theorem for a persistence landscape. With respect to other topics,
there are previous works of a uniform confidence band for a persistence landscape [Chazal et al., 2013,
Chazal et al., 2014b] and the stability of the expectation of a persistence landscape [Chazal et al., 2015].
We remark that we have used several techniques in these papers to show our results. On the other hand,
a PWK vector can flexibly measure a size of a generator by a weight function w, while several statistical
methods for persistence diagrams, including persistence landscapes, always return a large (resp. small)
value for a generator with large (resp. small) persistence.
In numerical experiments, we compare the PWK vector and other statistical methods for persistence
diagrams: the persistence landscape, the persistence scale-space kernel [Bubenik, 2015], and the Sliced
Wasserstein kernel [Carriere et al., 2017]. While the persistence landscape and the Sliced Wasserstein
kernel are parameter-free statistical methods, it is needed to select a positive definite kernel k and a
weight function w for a PWK vector appropriately. In other words, depending on datasets, we can select
k and w flexibly to show higher performance of the PWK than other methods in statistical and machine
learning tasks. One of the datasets which we will treat in this paper is related to material science, and
it has important topological features whose persistence are small. Utilizing the weight factor in a PWK
vector, we will show the advantage of our statistical method.
Organization
This paper is organized as follows: We review some the basics on persistence diagrams and a PWK vector
in Section 2 and explain how to regard the PWK vector as a random variable taking values in the RKHS
in Section 3. Then, we show the limit theorems in Section 3, construct a confidence interval for the
expectation of a PWK vector in Section 4, and show the stability of the expectation of a PWK vector in
Section 5. In Section 6, we show numerical results by using the PWK vector and compare performances
with other statistical methods for persistence diagrams.
2 Preliminaries
2.1 Persistence Diagram
In this section, we briefly review the basics of persistent homology and persistence diagrams. Through-
out this section, we fix k a field. We refer the reader to [Hatcher, 2002] for homology groups and
[Zomorodian and Carlsson, 2005] for persistence diagrams.
Let Filt = {Fa}a∈R be a family of topological spaces. If Fa is a subspace of Fb for any a ≤ b ∈ R,
Filt is called a filtration of topological spaces. Then, a family of the q-th homology groups {Hq(Fa)}a∈R
with coefficient k is a family of k-vector spaces. Since the inclusion Fa ⊂ Fb (a ≤ b ∈ R) induces
the k-linear map φba : Hq(Fa) → Hq(Fb), there exists a family {φba}a≤b∈R of k-linear maps. Then, the
collection of {Hq(Fa)}a∈R and {φba}a≤b∈R is called the q-th persistent homology of Filt and denoted by
Hq(Filt) := {{Hq(Fa)}a∈R, {φba}a≤b∈R}.
A persistent homology is generalized as follows: Let {Ua}a∈R be a family of k-vector spaces and
{uba : Ua → Ub}a≤b∈R be a family of k-linear maps. If uaa is an identity map on Ua and uca = ucb ◦ uba for
any a ≤ b ≤ c ∈ R, the collection U = {{Ua}a∈R, {uba}a≤b∈R} of k-vector spaces and k-linear maps is called
a persistence module. For an interval2 J ⊂ R, the persistence module IJ = {{Ua}a∈R, {uba}a≤b∈R} is called
the interval persistence module over J if Ua = k for a ∈ J and Ua = 0 otherwise, and uba is an identity map
for any a ≤ b ∈ J and uba is a zero map otherwise. It is known that an appropriate persistence module
is decomposed to several interval persistence modules as U ∼= ⊕i∈L IJi , where L is an index set and
each Ji is an interval of R. We refer the reader to [Bubenik and Scott, 2014, Carlsson and de Silva, 2010,
Crawley-Boevey, 2015, Zomorodian and Carlsson, 2005] for the details about the appropriate condition
and the symbol ∼= and ⊕. We remark that all persistence modules which will be used in this paper
satisfies the decomposition condition.
For an interval J ⊂ R, we define the birth time and death time of J by the endpoints b(J) := inf{b |
b ∈ J} and d(J) := sup{d | d ∈ J}, respectively. The lifetime d(J)− b(J) is called the persistence of the
birth-death pair x = (b(J), d(J)) and denoted by pers(x) := d(J) − b(J). For an interval decomposable
2A subset J ⊂ R is said to be an interval if, for any a, c ∈ J, b ∈ R satisfying a < b < c is in J.
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persistence module U ∼= ⊕i∈L IJi , the persistence diagram of U is defined by a multiset3 composed of all
birth-death pairs in U and denoted by
D(U) = {(b(Ji), d(Ji)) | i ∈ L} .
For the persistent homology Hq(Filt) of a filtration Filt, the persistence diagram D(Hq(Filt)) is denoted
by Dq(Filt) for short. For a finite point set X in a metric space (M,dM ), we define the ball model
filtration B(X) = {B(X; a) := ⋃x∈X B(x; a)}a∈R, where B(x; a) = {z ∈M | dM (x,y) ≤ a} (a ≥ 0) and
B(x; a) = ∅ otherwise. Figure 1 shows the persistence diagram D1(B(X)).
Since each death time is greater than or equal to the corresponding birth time, all birth-death pairs
of D(U) lie on the region above the diagonal R2ad := {(b, d) ∈ R2 | b ≤ d}.4 For this reason, we define a
generalized persistence diagram by a countable multiset of points in R2ad, and the set of all generalized
persistence diagrams is denoted by Dg.
Let ∆ := {(a, a) | a ∈ R} denote the diagonal set with all points having infinite multiplicity. As a
distance between persistence diagrams D and E, we use the bottleneck distance which is defined by
dW∞(D,E) = inf
γ
sup
x∈D∪∆
‖x− γ(x)‖∞ ,
where γ : D ∪ ∆ → E ∪ ∆ is a multi-bijection.5 When we define the set of persistence diagram as
D∞ = {D ∈ Dg | dW∞(D,∆) <∞}, then (D∞, dW∞) becomes a pseudometric space.
For persistence diagrams D and E, we define an equivalence D ∼ E if dW∞(D,E) = 0, and then
the difference in the equivalence class is only on the diagonal set, which can be ignored in data analysis.
Thus, we abuse the notation and let (D∞, dW∞) also denote the metric space of equivalence classes under
∼.
From now on, let D be a subspace in D∞. In order to develop statistical analysis for persistence
diagrams, it is convenient to focus on not D∞ but a subspace D in D∞. For example, when we analyze
finite point sets in a metric space (M,dM ) and compute their persistence diagrams via the ball model
filtration, all resulting persistence diagrams are in
D(B(M)) := {Dq(B(X)) | X is a finite point set in M, q ∈ N ∪ {0}},
and D(B(M)) is a subspace in D∞. Let F(M) denote the set of finite point sets in M , then F(M) is a
metric space with the Hausdorff distance, which is defined by
dH(X,Y ) := max
{
sup
x∈X
inf
y∈Y
dM (x,y), sup
y∈Y
inf
x∈X
dM (x,y)
}
(X,Y ∈ F(M)).
As an important property for a persistence diagram, it is shown that the map φ : (F(M), dH) →
(D(B(M)), dW∞), X 7→ Dq(B(X)) is Lipschitz continuous, which is known as the stability of persistence
diagrams:
Theorem 2.1 ([Chazal et al., 2014a, Cohen-Steiner et al., 2007]). For any two finite point sets X and
Y in a metric space M , we have
dW∞(Dq(B(X)), Dq(B(Y ))) ≤ dH(X,Y ).
2.2 Persistence Weighted Kernel
In this section, we review the basics of a positive definite kernel and the PWK vector. We refer the reader
to [Berlinet and Thomas-Agnan, 2011, Paulsen and Raghupathi, 2016] for the kernel method, which is
the statistical theory of a positive definite kernel, and [Kusano et al., 2018] for the PWK vector.
Let X be a set. A function k : X × X → R is called a positive definite kernel on X if k is symmetric,
i.e., k(x, y) = k(y, x) for any x, y ∈ X , and the matrix (k(xi, xj))i,j=1,...,` is a nonnegative definite matrix
for any finite number of x1, . . . , x` ∈ X . It is known from the Moore-Aronszajn theorem that a positive
definite kernel k uniquely defines a Hilbert space Hk as a subspace of a real-valued functional space on
X , which is called the reproducing kernel Hilbert space (RKHS).
3A multiset is a set with multiplicity of each point. Note that the collection of birth-death pairs should be a multiset
because an interval decomposition of U can contain several intervals with the same birth-death pairs.
4Precisely speaking, the definition of the birth and death time can contain −∞ and ∞. However, in practical,
we can assume that all birth and death times take neither ∞ nor −∞ (for more details, please see Section 2.1.2 in
[Kusano et al., 2018]).
5By considering infinite multiplicity of the diagonal set ∆, there always exists a multi-bijection from D ∪∆ to E ∪∆.
The bottleneck distance is also called ∞-Wasserstein distance.
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Theorem 2.2 (Moore-Aronszajn, Theorem 2.14 in [Paulsen and Raghupathi, 2016]). Let X be a set and
k be a positive definite kernel on X . Then, there uniquely exists a reproducing kernel Hilbert space Hk
satisfying the following:
(1) k(·, x) ∈ Hk for any x ∈ X ,
(2) Span {k(·, x) | x ∈ X} is dense in Hk with the uniform norm ‖·‖∞,
(3) 〈f, k(·, x)〉Hk = f(x) for any x ∈ X and any f ∈ Hk.
We remark that the inner product of k(·, x) and k(·, y) is given by 〈k(·, y), k(·, x)〉Hk = k(x, y) from
the property (3) in Theorem 2.2, and the norm of k(·, x) is given by ‖k(·, x)‖Hk =
√
k(x, x). For later
use, we remark that the following inequality holds for any f, g ∈ Hk:
‖f − g‖∞ = sup
z∈X
|f(z)− g(z)|
= sup
z∈X
|〈f − g, k(·, z)〉Hk |
≤ sup
z∈X
‖k(·, z)‖Hk ‖f − g‖Hk
= sup
z∈X
√
k(z, z) ‖f − g‖Hk (1)
We call a positive definite kernel k on R2 bounded if there exists a constant Bdd(k) > 0 such that
supx,y∈R2 |k(x, y)| ≤ Bdd(k), and Lipschitz continuous if there exists a constant Lip(k) > 0 such that
‖k(·, x)− k(·, y)‖Hk ≤ Lip(k) ‖x− y‖∞ for any x, y ∈ R2.
The following proposition is not used here, but will be used in Section 3.
Proposition 2.3. A reproducing kernel Hilbert space of a bounded Lipschitz continuous positive definite
kernel k on R2 is separable.
Proof. For any x, y ∈ R2, we have
‖k(·, x)− k(·, y)‖∞ = sup
z∈R2
√
k(z, z) ‖k(·, x)− k(·, y)‖Hk (Equation (1))
≤
√
Bdd(k) Lip(k) ‖x− y‖∞
≤
√
Bdd(k) Lip(k) ‖x− y‖ (‖x‖∞ ≤ ‖x‖ for any x ∈ R2).
When we use a metric derived from the uniform norm ‖·‖∞ as a metric of Hk, the map x ∈ R2 7→ k(·, x) ∈
Hk is Lipschitz continuous from the above inequality. Since R2 is separable, Span{k(·, x) | x ∈ R2} is
separable from the Lipschitz continuity of k(·, x), and hence Hk is also separable because Span{k(·, x) |
x ∈ R2} is dense in Hk with the uniform norm from Theorem 2.2.
Let D be a subspace in D∞. We define a weight function w : R2 → R for D if it satisfies w(x) = 0 for
any x ∈ ∆ and there exists a constant Bdd(w;D) > 0 such that supD∈D
∑
x∈D |w(x)| ≤ Bdd(w;D). If k
is a measurable bounded positive definite kernel on R2 and w is a weight function for D, for a persistence
diagram D ∈ D, the weighted sum
V k,w(D) :=
∑
x∈D
w(x)k(·, x)
is an element in the RKHS Hk. We call V k,w(D) the persistence weighted kernel vector (PWK vector)
[Kusano et al., 2016, Kusano et al., 2018] of D by k and w. We remark that the inner product is given
by
〈V k,w(D), V k,w(E)〉Hk =
∑
x∈D
∑
y∈E
w(x)w(y)k(x, y) (D,E ∈ D). (2)
Furthermore, for any D ∈ D, we have
∥∥V k,w(D)∥∥2Hk ≤ Bdd(k)
(∑
x∈D
w(x)
)2
≤ Bdd(k) Bdd(w;D)2, (3)
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and thus the norm of the PWK vector is always finite.
Here, we define classes for positive definite kernels and weight functions as follows:
Kc := {k: measurable positive definite kernel on R2 | ∃ Bdd(k) > 0, ∃ Lip(k) > 0}.
Let w be a weight function for D. The class of weight functions such that there exists a constant
L∞(w;D) > 0 satisfying ∑
x∈D∪∆
|w(x)− w(γ(x))| ≤ L∞(w;D) sup
x∈D∪∆
‖x− γ(x)‖∞ (4)
for any D,E ∈ D and any multi-bijection γ : D ∪∆→ E ∪∆ is denoted by
W∞(D) := {w : weight function for D | ∃L∞(w;D) > 0 satisfying (4)}
Then, the stability theorem for a PWK vector is shown as follows:
Theorem 2.4 ([Kusano et al., 2018]). Let k ∈ Kc and w ∈ W∞(D). Then, for any persistence diagrams
D,E ∈ D, we have∥∥V k,w(D)− V k,w(E)∥∥Hk ≤ (Lip(k) Bdd(w;D) +√Bdd(k)L∞(w;D))dW∞(D,E).
It is also shown in [Kusano et al., 2018] that the Gaussian kernel k(x, y) = e−
‖x−y‖2
2σ2 is in Kc and the
arctangent type weight function warc(x) = arctan(Carcpers(x)
parc) (Carc > 0, parc ∈ N) is inW∞(D(B(M)))
where M is a triangulable compact subspace in Rd and parc > d+1. In other words, for finite point sets X
and Y in a triangulable compact subspaceM ⊂ Rd, if parc > d+1, then the mapX 7→ V kG,warc(Dq(B(X)))
is shown to be Lipschitz continuous from Theorem 2.4.
3 Limit theorems
In this section, we will regard a persistence diagram as a random value taking values in a metric
space D and consider the expectation of the PWK vector in the RKHS. Before discussing probabilis-
tic properties of a persistence diagram, we briefly review the basic of probability theory in a metric
space, following [Durrett, 2010, Van der Vaart, 1998], and probability theory in a Banach space, follow-
ing [Ledoux and Talagrand, 2013]. Throughout this section, we fix (Ω,A,Pr) a probability space.
3.1 Probability in a metric space
When (X ,BX ) is a measurable space, a measurable map X : (Ω,A) → (X ,BX ) is called an X -valued
random element. If X is a topological space and BX is defined by the Borel σ-set of X , an X -valued random
element X is called a Borel random element. An X -valued random element X induces a probability
measure PX from Pr as PX(A) := Pr(X
−1(A)) (A ∈ BX ), and the probability measure PX is called
the probability distribution of X. Then, we say that X is drawn from PX and write X ∼ PX . When
X -valued random elements X1, . . . , Xn are drawn from the same probability distribution P and are
independent, we say that X1, . . . , Xn are independently identically distributed from P and this is denoted
by X1, . . . , Xn, i.i.d. ∼ P . Let ϕ : X → R be a measurable map, then the integral
∫
Ω
ϕ(X(ω))dPr(ω) is
called the expectation of ϕ(X) and denoted by E[ϕ(X)]. When we emphasize the probability distribution
P of X, the expectation E[ϕ(X)] is also denoted by EX∼P [ϕ(X)]. An R-valued random element is simply
called a random variable. We consider an expectation for a map in Section 4, which may not be a random
variable, and here define the outer expectation of a map U : Ω→ R by
E∗[U ] := inf{E[V ] | V is a random variable, V ≥ U, E[V ] exists}.
Here, we define stochastic convergences for a sequence of maps in a metric space (X , d). Let {Xn :
Ω→ X}n∈N be a sequence of maps and X be an X -valued random element. Then, definitions of standard
convergences for random variables are generalized to ones for maps taking values in a metric space as
follows:
• If there exists a sequence of random variables {∆n}n∈N satisfying d(Xn, X) ≤ ∆n for any n ∈ N
and Pr(limn→∞∆n = 0) = 1, then {Xn}n∈N is said to converge to X almost surely and it is denoted
by Xn
a.s.−−→ X.
• If limn→∞ E∗[ϕ(Xn)] = E[ϕ(X)] for all 1-Lipschitz function ϕ : X → R, then {Xn}n∈N is said to
converge in distribution to X and it is denoted by Xn →d X.
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3.2 Probability for a Banach space
Let (B, ‖·‖B) be a Banach space and V : Ω→ B be a B-valued Borel random element. If there exists an
element W ∈ B satisfying ∫
Ω
f(V (ω))dPr(ω) = f(W ) for any f ∈ B∗, where B∗ be the topological dual
space6 of B, the element W is called the Pettis integral of V and denoted by E[V ]. If V is Radon, the
expectation E[V ] always exists and it satisfies ‖E[V ]‖B ≤ E[‖V ‖B ].7 A B-valued Radon random element
G is called a centered Gaussian random element if f(G) is a real valued Gaussian random variable with
mean zero for any f ∈ B∗. A centered Gaussian random element G is determined by its covariance
structure CG : B
∗ ×B∗ → R which is defined by CG(f, g) := E[f(G)g(G)] (f, g ∈ B∗).
For B-valued random elements V1, . . . , Vn, the sum is denoted by Sn :=
∑n
i=1 Vi. The strong law of
large numbers and the central limit theorem are stated as follows:
Theorem 3.1 (Strong law of large numbers, Theorem 10.5 in [Ledoux and Talagrand, 2013]). Let B
be a separable Banach space, V be a B-valued Radon random element, and {Vn}n∈N be a sequence of
independent B-valued random elements distributed as V . Then, E[V ] = 0 and E[‖V ‖B ] <∞ if and only
if n−1Sn
a.s.−−→ 0.
Theorem 3.2 (Central limit theorem, Corollary 10.9 in [Ledoux and Talagrand, 2013]). Let B be a
separable Banach space of type 2,8 V be a B-valued Radon random element, and {Vn}n∈N be a sequence of
independent B-valued random elements distributed as V . If E[V ] = 0 and E[‖V ‖2B ] <∞, n−1/2Sn →d G
where G is a centered Gaussian random variable with the same covariance structure as V .
3.3 Limit theorems for the PWK vectors
Let D be a subspace in D∞ and D be a D-valued Radon random element. If V k,w : D → Hk is
continuous, the PWK vector V k,w(D) of a D-valued Radon random element D can be viewed as an
Hk-valued Radon random element, and the expectation E[V k,w(D)] of the PWK vector is well defined
in the RKHS Hk. From now on, we assume that a positive definite kernel k and a weight function w are
selected to make V k,w : D → Hk continuous. In fact, Theorem 2.4 ensures that there exist k and w such
that V k,w : D → Hk is continuous.
Let k ∈ Kc be a Lipschitz continuous positive definite kernel on R2. Then, the RKHS Hk is separable
from Proposition 2.3, which satisfies the assumptions in the strong law of large numbers and the central
limit theorem for a Banach space (Theorem 3.1 and Theorem 3.2). For any measurable bounded positive
definite kernel k and a weight function w for D, which are needed to define the PWK vector, we have
confirmed in Equation (3) that the norm ‖V k,w(D)‖Hk is always bounded from above independent of D.
For this reason, it is always satisfied that E[‖V k,w(D)‖Hk ] <∞ and E[‖V k,w(D)‖2Hk ] <∞. For D-valued
random element D1, . . . , Dn, S
k,w
n denotes the sum
∑n
i=1 V
k,w(Di). Applying Theorem 3.1 and Theorem
3.2 to V k,w(D)− E[V k,w(D)], we obtain the following:
Theorem 3.3 (Strong law of large numbers for the PWK vector). Let k ∈ Kc, w be a weight function
for D, D be a D-valued Radon random element, and {Dn}n∈N be a sequence of independent D-valued
random elements distributed as D. Then, we have
1
n
n∑
i=1
V k,w(Di)
a.s.−−→ E[V k,w(D)].
Theorem 3.4 (Central limit theorem for the PWK vector). Let k ∈ Kc, w be a weight function for D,
D be a D-valued Radon random element, and {Dn}n∈N be a sequence of independent D-valued random
elements distributed as D. Then, we have
1√
n
n∑
i=1
(
V k,w(Di)− E[V k,w(D)]
)→d Gk,w(D),
where Gk,w(D) is the centered Gaussian random variable with the same covariance structure as V k,w(D).
6B∗ is the set of all continuous linear real-valued functions f : B → R.
7We call V : Ω → B Radon if, for any ε > 0, there exists a compact set K in the Borel σ-set of B such that
Pr(V ∈ K) ≥ 1− ε. For more details, please see Section 2.1 in [Ledoux and Talagrand, 2013].
8We do not define the concept of type 2 in this paper because a Hilbert space is of type 2 and a Banach space
which will be used in this paper is a reproducing kernel Hilbert space. For more details, please see Section 9.2 in
[Ledoux and Talagrand, 2013].
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4 Confidence interval
Since the RKHS Hk is a subspace of the real-valued functional space on R2, the PWK vector V k,w(D) ∈
Hk is a real-valued function on R2 by
z ∈ R2 7→ V k,w(D)(z) :=
∑
x∈D
w(x)k(z, x) ∈ R.
Let P be a Radon probability measure on D and D ∼ P , then the expectation E[V k,w(D)] is a real-valued
function on R2, and its value at z ∈ R2 is denoted by E[V k,w(D)](z) ∈ R. From the strong law of large
numbers for the PWK vector (Thereom 3.3), we have confirmed that∥∥∥∥∥ 1n
n∑
i=1
V k,w(Di)− E[V k,w(D)]
∥∥∥∥∥
Hk
a.s.−−→ 0
where D1, . . . , Dn, i.i.d. ∼ P . Furthermore, the uniform convergence
sup
z∈R2
∣∣∣∣∣ 1n
n∑
i=1
V k,w(Di)(z)− E[V k,w(D)](z)
∣∣∣∣∣ a.s.−−→ 0
follows from Equation (1). Since the i.i.d. number n is finite in practice, to measure how the sample mean
n−1
∑n
i=1 V
k,w(Di)(z) is close to the expectation E[V k,w(D)](z), we will estimate a number ξn,α ∈ R
satisfying the following inequality:
Pr
(∣∣∣∣∣ 1n
n∑
i=1
V k,w(Di)(z)− E[V k,w(D)](z)
∣∣∣∣∣ ≤ ξn,α for any z ∈ R2
)
≥ 1− α. (5)
This estimation is based on the concept of a uniform confidence band for a stochastic process when we
see {E[V k,w(·)](z) : D → R}z∈R2 as a stochastic process. We first review a uniform confidence band
for a stochastic process, following [Kosorok, 2008, Van der Vaart, 1998], and then construct the uniform
confidence band for the expectation of a PWK vector.
4.1 Review of a uniform confidence band
Let (X ,BX ) be a measurable space, X : Ω→ X be an X -valued random element, P be the distribution of
X, θ be a real valued parameter attached to P , and X1, . . . , Xn, i.i.d. ∼ P . For simplicity, the collection of
the random elements X1, . . . , Xn is denoted by Xn := (X1, . . . , Xn). In the concept of interval estimation,
we construct an interval made from Xn which contains θ with high probability. To be precise, for α ∈ (0, 1)
and two statistics L(Xn) and U(Xn) satisfying L(Xn) ≤ U(Xn), an interval [L(Xn), U(Xn)] is called a
confidence interval for θ at level 1− α if it satisfies Pr(θ ∈ [L(Xn), U(Xn)]) ≥ 1− α.
Example 4.1. Let X1, . . . , Xn, i.i.d. ∼ N (µ, σ20),9 where µ is unknown and σ20 is known, and ηˆ(Xn) :=
(
∑n
i=1Xi−µ)/
√
nσ0 be a statistics. Since ηˆ(Xn) ∼ N (0, 1), we have Pr (ηˆ(Xn) ≤ c) = (2pi)−1/2
∫ c
−∞ exp(−z2/2)dz.
Then, for the upper α-quantile cα satisfying Φ(cα) = 1− α, [X − (σ0/
√
n) cα/2, X + (σ0/
√
n) cα/2] is the
confidence interval for µ at 1− α because Pr (|ηˆ(Xn)| ≤ cα/2) = 1− α.
Fortunately, the quantile cα of the distribution Pr (ηˆ(Xn) ≤ cα) = 1−α in Example 4.1 is numerically
computable from the property of the standard normal distribution. In the case of a general statistic ηˆ(Xn),
its distribution of ηˆ(Xn) may be unknown or the quantile may be hard to compute. For such a case, the
bootstrap method is a powerful tool to estimate the quantile.
Let ηˆ(Xn) be a statistic of X1, . . . , Xn, i.i.d. ∼ P . For any ω0 ∈ Ω, we define a probability distribution
Pn(ω0) on X by Pn(ω0) := n−1
∑n
i=1 δXi(ω0) where δx is the Dirac delta measure at x ∈ X . The random
probability measure Pn = n−1
∑n
i=1 δXi is called the empirical distribution of X1, . . . , Xn. Let X
∗ be
a map which transforms ω ∈ Ω to an X -valued random element. If X∗(ω) ∼ Pn(ω) for any ω ∈ Ω,
X∗ is called a bootstrap sample from Pn and denoted by X∗ ∼ Pn. Even after we fix ω0 ∈ Ω, X∗(ω0)
is still an X -valued random element, that is, X∗(ω0)(ζ) ∈ R for ζ ∈ Ω. Here, we define a function
ηˆ(X∗n)(ω0) : Ω→ R by (ηˆ(X∗n)(ω0))(ζ) := ηˆ(X∗1 (ω0)(ζ), . . . , X∗n(ω0)(ζ)) (ζ ∈ Ω).
9N (µ, σ2) denotes the normal distribution with mean µ ∈ R and variance σ2 > 0.
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In order to define the convergence in distribution for ηˆ(X∗n), we define the conditional convergence
in distribution. Let {Yn ∼ Pn}n∈N be a sequence of bootstrap samples and T be an X -valued random
element. Recall that the convergence in distribution Yn(ω0) →d T for some ω0 ∈ Ω is defined by
limn→∞ E∗[ϕ(Yn(ω0))] = E[ϕ(T )] for all 1-Lipschitz function ϕ : X → R. Thus, in a similar way, we
define that a sequence {Yn ∼ Pn}n∈N converges in distribution to T conditionally on X1, . . . , Xn if a
function Hn : Ω→ R which is defined by
Hn(ω) := sup
ϕ∈BL1(X )
|E∗[ϕ(Yn(ω))]− E[ϕ(T )]| ,
where BL1(X ) is the set of all 1-Lipschitz functions ϕ : X → R, satisfies Hn a.s.−−→ 0. Then, the conditional
convergence is denoted by Yn | Xn →d T .
For ω ∈ Ω, ξˆ∗n,α(ω) denotes the upper α-quantile of ηˆ(X∗n)(ω), and ξˆ∗n,α is treated as a real-valued
function on Ω. The following theorem is obtained by a slight modification of the proof of Lemma 23.3 in
[Van der Vaart, 1998]:
Theorem 4.2 ([Van der Vaart, 1998]). Let X1, . . . , Xn, i.i.d. ∼ P and T be a random value with con-
tinuous distribution function F . If ηˆ(Xn)→d T and ηˆ(X∗n) | Xn →d T , then for almost all α ∈ (0, 1), we
have
lim
n→∞Pr
({
ω ∈ Ω
∣∣∣ ηˆ(Xn)(ω) ≤ ξˆ∗n,α(ω)}) = 1− α, (6)
where ξˆ∗n,α(ω) is the upper α-quantile of ηˆ(X
∗
n)(ω) for ω ∈ Ω.
Since the upper α-quantile ξˆn,α of ηˆ(Xn) is defined by Pr(ηˆ(Xn) ≤ ξˆn,α) = 1−α, Theorem 4.2 ensures
that ξˆ∗n,α in Equation (6) approximates ξˆn,α in an asymptotic sense.
As mentioned above, we will view a family {E[V k,w(·)](z) : D → R}z∈R2 of values of the expectation
of a PWK vector as a stochastic process. Here, we explain the bootstrap method for a general stochastic
process.
Let T be a set. A family X = {X(t) : Ω → R}t∈T of random variables is called a stochastic process
indexed by T . A stochastic process G = {G(t)}t∈T indexed by T is called the Gaussian process if, for
any finite subset Td := {t1, . . . , td} ⊂ T , the distribution of the multivariate vector (G(t1), . . . ,G(td))T
is the d-dimensional normal distribution Nd(0,ΣTd) where the covariance matrix is given by (ΣTd)i,j =
E[G(ti)G(tj)] for i, j = 1, . . . , d. Let F := {f : X → R} be a family of real-valued measurable functions
on X and Pf := ∫X f(x)dP (x) denote the expectation of f ∈ F . Then, the family {Pf}f∈F of the
expectations is a stochastic process over F . Let X1, . . . , Xn, i.i.d. ∼ P , Pn be the empirical distribution
of X1, . . . , Xn, and Gnf denote
√
n(Pnf − Pf). Then, the stochastic process Gn = {Gnf}f∈F indexed
by F is called the empirical process of X1, . . . , Xn. In order to define a convergence of Gn, we define a
space `∞(F) of bounded10 stochastic processes over F and use a metric derived from the uniform norm
‖X‖∞ := supf∈F |Xf | as a metric on `∞(F). If Gn →d G in `∞(F) where the covariance structure of G
is given by E[GfGg] = Pfg − PfPg (f, g ∈ F), F is said to be P -Donsker.
For bootstrap samples X∗1 , . . . , X
∗
n, i.i.d. ∼ Pn, we define the bootstrap empirical distribution by
P∗n = n−1
∑n
i=1 δX∗i . Recall again that, after we fix ω0 ∈ Ω, X∗i (ω0) ∼ Pn(ω0) is an X -valued random
element and the bootstrap empirical distribution P∗n(ω0) = n−1
∑n
i=1 δX∗i (ω0) is still a random probability
distribution. If G∗n(ω) := {
√
n(P∗n(ω)f − Pn(ω)f)}f∈F is a stochastic process for any ω ∈ Ω, we call G∗n
the bootstrap empirical process of X∗1 , . . . , X
∗
n.
From now on, we will characterize a class of F which satisfies G∗n | Xn →d G in `∞(F). A function
E : X → R is called the envelope function of F if |f(x)| ≤ E(x) < ∞ for any f ∈ F and x ∈ X .
The envelope function E of F is a real-valued function on the probability space (X ,BX , P ) and we
define the expectation of E by the outer expectation E∗X∼P [E(X)]. Then, the conditional convergence
G∗n | Xn →d G is characterized by the P -Donsker condition and the boundedness of the outer expectation
of a squared envelope function.
Proposition 4.3 (Theorem 23.7 in [Van der Vaart, 1998], Theorem 2.7 in [Kosorok, 2008]). Let F be a
family of measurable functions on X with envelope function E. If F is P -Donsker and E∗X∼P [E(X)2] <∞,
then G∗n | Xn →d G in `∞(F).
10We call X bounded if Pr(Xf <∞) = 1 for any f ∈ F .
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Let ϕ : `∞(F) → R be a continuous function and F satisfy the assumption in Proposition 4.3, then
we have ϕ(Gn) →d ϕ(G) and ϕ(G∗n) | Xn →d ϕ(G) from the continuous mapping theorem (Theorem
18.11 in [Van der Vaart, 1998]). As a continuous function on `∞(F), we will use ψ : `∞(F) → R which
is defined by H 7→ supf∈F |Hf |. From Theorem 4.2, we have limn→∞ Pr(ψ(Gn) ≤ ξˆ∗n,α) = 1 − α where
ξˆ∗n,α(ω) is the upper α-quantile of ψ(G∗n)(ω) = supf∈F |G∗n(ω)f |. Then, the probability Pr(ψ(Gn) ≤ ξˆ∗n,α)
is given by
Pr
(
ψ(Gn) ≤ ξˆ∗n,α
)
= Pr
(
−ξˆ∗n,α ≤
√
n (Pnf − Pf) ≤ ξˆ∗n,α for any f ∈ F
)
= Pr
(
Pf ∈
[
Pnf −
ξˆ∗n,α√
n
,Pnf +
ξˆ∗n,α√
n
]
for any f ∈ F
)
.
Since a realization of ξˆ∗n,α/
√
n is independent of any f ∈ F , we call that Pnf ± ξˆ∗n,α/
√
n is a uniform
confidence band for {Pf}f∈F at level 1 − α. To sum up, the uniform confidence band for {Pf}f∈F is
obtained as follows:
Theorem 4.4. Let X1, . . . , Xn, i.i.d. ∼ P and F be a family of measurable functions on X . If F is
P -Donsker and the envelope function E of F satisfies E∗X∼P [E(X)2] <∞, then for almost all α ∈ (0, 1),
we have
lim
n→∞Pr
(
Pf ∈
[
Pnf −
ξˆ∗n,α√
n
,Pnf +
ξˆ∗n,α√
n
]
for any f ∈ F
)
= 1− α,
where ξˆ∗n,α(ω) is the upper α-quantile of supf∈F |G∗n(ω)f | for ω ∈ Ω.
In the rest of this section, we introduce a sufficient condition for F to be P -Donsker. Let ε > 0,
G be a family of real-valued measurable functions on X , and Q be a probability measure on X . For
any f ∈ F , if there exists g ∈ G such that ‖f − g‖L2(Q) ≤ ε, where the L2(Q)-norm is defined by
‖h‖L2(Q) := (
∫
X |h(x)|2 dQ(x))1/2, then G is said to cover F by L2(Q)-balls with radius ε. A covering
number N(ε,F , L2(Q)) of F by L2(Q)-balls with radius ε is defined by the minimum number to cover F :
N(ε,F , L2(Q)) := min{card (G) | G covers F by L2(Q)-balls with radius ε}.
If there exists a countable subset G ⊂ F such that for any f ∈ F there exists a sequence {gn}n∈N ⊂ G
such that limn→∞ gn(x) = f(x) for all x ∈ X , F is said to be pointwise measurable. Then, a sufficient
condition for P -Donsker is given as follows:
Proposition 4.5 (Theorem 19.14 in [Van der Vaart, 1998], Theorem 8.19 in [Kosorok, 2008]). Let F be
a pointwise measurable family of measurable functions on X satisfying∫ 1
0
√
log sup
Q
N(ε ‖F‖L2(Q) ,F , L2(Q))dε <∞,
where E is an envelope function of F and Q is taken over all probability measures such that ‖E‖L2(Q) > 0.
If E∗X∼P [E(X)2] <∞, then F is P -Donsker.
4.2 Uniform confidence band for the expectation of a PWK vector
By replacing variables in V k,w(D)(z), we define a new function on D by
fk,wz : D → R, D 7→ V k,w(D)(z) =
∑
x∈D
w(x)k(z, x).
Then, we have Pfk,wz = ED∼P [V k,w(D)](z) and Pnfk,wz = n−1
∑n
i=1 V
k,w(Di)(z). Here, we restrict the
domain of a point z ∈ R2 to a region A ⊂ R2 and the family of PWK functions on A is denoted by
Fk,wA := {fk,wz : D → R | z ∈ A}. As a corollary of Theorem 4.4, we obtain the following:
Corollary 4.6. Let k be a measurable bounded positive definite kernel on R2, w be a weight function
for D, P be a Radon probability measure on D, D1, . . . , Dn, i.i.d. ∼ P , and A be a subset in R2. If Fk,wA
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is P -Donsker and the envelope function E of Fk,wA satisfies E∗D∼P [E(D)2] <∞, for almost all α ∈ (0, 1),
we have
lim
n→∞Pr
(
Pfk,wz ∈
[
Pnfk,wz −
ξˆ∗n,α√
n
,Pnfk,wz +
ξˆ∗n,α√
n
]
for any z ∈ A
)
≥ 1− α,
where ξˆ∗n,α(ω) is the upper α-quantile of supz∈A
∣∣G∗nfk,wz (ω)∣∣ for ω ∈ Ω.
The assumption for Fk,wA in Corollary 4.6 is satisfied by a Lipschitz continuous positive definite kernel
and a bounded dense subset in R2.
Proposition 4.7. Let k ∈ Kc, w be a weight function for D, P be a Radon probability measure on D,
and A is a bounded dense subset in R2. Then, Fk,wA is P -Donsker and there exists an envelope function
E of Fk,wA satisfying E∗D∼P [E(D)2] <∞.
Proof. We define the envelope function of Fk,wA as E(D) ≡ Bdd(w;D) Bdd(k) because it satisfies
∣∣fk,wz (D)∣∣ =
∣∣∣∣∣∑
x∈D
w(x)k(z, x)
∣∣∣∣∣ ≤ Bdd(w;D) Bdd(k) = E(D) <∞
for any z ∈ A and D ∈ D. Then, the outer expectation of E2 is bounded from above because
E∗D∼P [E(D)2] ≡ (Bdd(w;D) Bdd(k))2 <∞.
For any y, z ∈ R2, D ∈ D, and probability measure Q on D, since
∣∣fk,wy (D)− fk,wz (D)∣∣ =
∣∣∣∣∣∑
x∈D
w(x)k(y, x)−
∑
x∈D
w(x)k(z, x)
∣∣∣∣∣
≤
∑
x∈D
|w(x)| |k(y, x)− k(z, x)|
≤ Bdd(w;D) ‖k(y, ·)− k(z, ·)‖∞
≤ Bdd(w;D)
√
Bdd(k) ‖k(y, ·)− k(z, ·)‖Hk (Equation (1))
≤ Bdd(w;D)
√
Bdd(k) Lip(k) ‖y − z‖∞ , (7)
we have ∥∥fk,wy − fk,wz ∥∥L2(Q) ≤ Bdd(w;D) Lip(k)√Bdd(k) ‖y − z‖∞ . (8)
With respect to the bounded region A, there exist a = (a1, a2) ∈ R2 and T > 0 such that A˜ = [a1, a1 +
T ] × [a2, a2 + T ] contains A. For arbitrary small δ > 0, we assume that N := T/δ is an integer
without loss of generality. Let pi,j := (a1 + (i − 1)δ, a2 + (j − 1)δ) (i, j = 1, . . . , N) be a grid point of
A˜. For any z ∈ A and any probability measure Q on D, there exists a grid point pi,j of A˜ such that
‖z − pi,j‖∞ ≤ δ, and then we have
∥∥∥fk,wz − fk,wpi,j ∥∥∥
L2(Q)
≤ Bdd(w;D) Lip(k)√Bdd(k)δ from Equation
(8). Let ε = Lip(k) Bdd(k)−1/2δ, then ε ‖E‖L2(Q) = Bdd(w;D) Lip(k)
√
Bdd(k)δ. Since Fk,w{pi,j}Ni,j=1
covers Fk,wA by L2(Q)-balls with radius ε ‖E‖L2(Q), the covering number N(ε ‖F‖L2(Q) ,F
k,w
A , L2(Q)) is
bounded from above by N2 = (T/δ)2 = (T Lip(k) Bdd(k)−1/2ε−1)2. Now, we have11∫ 1
0
√
log sup
Q
N(ε ‖F‖L2(Q) ,F
k,w
A , L2(Q))dε
≤
∫ 1
0
√
log(T Lip(k) Bdd(k)−1/2ε−1)2dε
≤
√
2
∫ 1
0
√
log(T Lip(k) Bdd(k)−1/2)dε+
√
2
∫ 1
0
√
− log εdε
<∞.
11Without loss of generality, we can make log(T Lip(k) Bdd(k)−1/2) > 0 by retaking larger T or Lip(k) if necessary.
Remark that − log ε ≥ 0 for ε ∈ (0, 1] and ∫ 10 √− log εdε <∞.
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Let z ∈ A be any position and {zn ∈ A∩Q2}n∈N be a sequence satisfying limn→∞ zn = z. Since A is dense
in R2, such a sequence exists. Since the restriction Fk,wA∩Q2 is countable and limn→∞ fk,wzn (D) = fk,wz (D)
for any D ∈ D from Equation (7), Fk,wA is pointwise measurable. Therefore, by Proposition 4.5, Fk,wA is
shown to be P -Donsker.
To sum up, the uniform confidence band for {Pfk,wz }z∈A is obtained as follows:
Theorem 4.8. Let k ∈ Kc, w be a weight function for D, P be a Radon probability measure on D,
D1, . . . , Dn, i.i.d. ∼ P , and A is a bounded dense subset in R2. Then, for almost all α ∈ (0, 1), we have
lim
n→∞Pr
(
Pfk,wz ∈
[
Pnfk,wz −
ξˆ∗n,α√
n
,Pnfk,wz +
ξˆ∗n,α√
n
]
for any z ∈ A
)
= 1− α,
where ξˆ∗n,α(ω) is the upper α-quantile of supz∈A
∣∣G∗nfk,wz (ω)∣∣ for ω ∈ Ω.
A computation algorithm of the upper α-quantile ξˆ∗n,α(ω) in Theorem 4.8 is given as follows:
Algorithm 1 The bootstrap algorithm for the expectation of the PWK vector
Require: k ∈ Kc. w: a weight function for D. A: a bounded dense subset in R2. α ∈ (0, 1).
b ∈ N. D1, . . . , Dn: realizations of i.i.d. samples drawn from P .
1: Compute Pnfk,wz := n−1
∑n
i=1 V
k,w(Di)(z).
2: for ` = 1, . . . , b do
3: Resample n persistence diagrams D∗1,`, . . . , D
∗
n,` from {D1, . . . , Dn}.
4: Compute P∗n,`fk,wz := n−1
∑n
i=1 V
k,w(D∗i,`)(z).
5: Compute ηˆ∗n,` = supz∈A
∣∣∣√n(P∗n,`fk,wz − Pnfk,wz )∣∣∣.
6: end for
7: Compute the empirical distribution as
F˜n,b(c) :=
1
b
b∑
`=1
I[ηˆ∗n,`,∞)(c),
where I[s,t) : R→ {0, 1} is the indicator function on [s, t).
8: return ξ˜n,α,b := inf
{
c
∣∣∣ F˜n,b(c) ≥ 1− α}.
5 Stability of the expectation of the PWK vector
Let m ∈ N, (M,dM ) be a metric space, and Mm = M × · · · ×M be the product metric space with the
Hausdorff distance. By regarding Mm as a measurable set by its Borel σ-set, we can define a probability
measure Pm on Mm and draw a sample X ∼ Pm. While a realization of the sample X = (x1, . . . , xm) is
an element Mm, we can also view X as an m-points set in M . For another probability measure Qm on
Mm and a sample Y ∼ Qm, it is shown from Theorem 2.1 that
dW∞(Dq(B(X(ω))), Dq(B(Y (ω))) ≤ dH(X(ω), Y (ω)) for any ω ∈ Ω. (9)
However, even if Pm = Qm, there can exist ω ∈ Ω such that dH(X(ω), Y (ω)) takes a large value. In such a
situation, [Chazal et al., 2015] estimate Equation (9) in a probabilistic sense by the Wasserstein distance
for probability measures. The p-Wasserstein distance (1 ≤ p <∞) between probability measures µ and
ν on M is defined by
Wp[dM ](µ, ν) := inf
pi∈Π(µ,ν)
(∫
M
dM (x, y)
pdpi(x, y)
) 1
p
, (10)
where Π(µ, ν) is the set of couplings between µ and ν.12 Let φ : (F(M), dH) → (D(B(M)), dW∞), X 7→
Dq(B(X)) be the map from a point set to the persistence diagram, where F(M) is the set of finite point
sets in M , and φ∗Pm denote its induced measure of Pm. Then, the stability theorem for point sets
(Theorem 2.1) is generalized as follows:
12A probability measure pi on M ×M is called a coupling between µ and ν if, for a natural projection pi(x1, x2) = xi (i =
1, 2, xi ∈M), their induced measures satisfy (p1)∗pi = µ and (p2)∗pi = ν.
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Proposition 5.1 (Lemma 16 in the Supplementary Material of [Chazal et al., 2015]). Let (M,dM ) be a
metric space, Pm and Qm be probability measures on Mm, and 1 ≤ p <∞. Then, we have
Wp[dW∞ ](φ∗Pm, φ∗Qm) ≤Wp[dH](Pm,Qm). (11)
In addition, [Chazal et al., 2015] estimate the right hand side in Equation (11) for a specific class of
probability measures on Mm. Let µ and ν be probability measures on M . Then, the product measures
µ⊗m and ν⊗m are probability measures on Mm and a sample X = (x1, . . . , xm) ∼ µ⊗m can be seen as a
set composed of samples x1, . . . , xm, i.i.d. ∼ µ.
Proposition 5.2 (Lemma 15 in the Supplementary Material of [Chazal et al., 2015]). Let (M,dM ) be a
metric space, µ and ν be probability measures on M , and 1 ≤ p <∞. Then, we have
Wp[dH](µ
⊗m, ν⊗m) ≤ m 1pWp[dM ](µ, ν).
In Section 6.2, we will apply a PWK vector to the perturbed lattice system. Then, the class of a
product measure composed of a single probability measure, like µ⊗m, will turn out to be not suitable to
analyze perturbed lattices.
Example 5.3. Let L := {(i, j) ∈ R2 | i, j = 1, . . . ,m} be a 2-dimensional square lattice with finite size
m and µ be a probability measure on R2 with mean zero. A perturbed lattice of L by µ is defined by
Lµ := {x + ex | x ∈ L} where {ex}x∈L is the set of i.i.d. samples drawn from µ. Then, the perturbed
lattice Lµ is a sample drawn from ⊗x∈Lµx where µx = (sx)∗µ is the induced measure of µ by a translation
sx : R2 → R2, z 7→ z + x.
For a probability measure which is not composed of a single probability measures, like ⊗x∈Lµx in
Example 5.3, we will show a generalized stability theorem. Let {µi}mi=1 be a family of probability measures
on M . Then, the product measure ⊗mi=1µi is a probability measure on Mm, and a sample X ∼ ⊗mi=1µi
is interpreted as a point set X = {x1, . . . , xm} composed of a sample xi ∼ µi for i = 1, . . . ,m.
Proposition 5.4. Let (M,dM ) be a metric space, {µi}mi=1 and {νi}mi=1 be families of probability measures
on M , and 1 ≤ p <∞. Then, we have
Wp[dH](⊗mi=1µi,⊗mi=1νi) ≤
(
m∑
i=1
Wp[dM ](µi, νi)
p
)1/p
.
Proof. Note that, for point sets X = {x1, . . . , xm} and Y = {y1, . . . , ym} in M , we have
dH(X,Y )
p = max
i
min
j
dM (xi, yj)
p
≤
m∑
i=1
min
j
dM (xi, yj)
p (‖v‖∞ ≤ ‖v‖p for any p ≥ 1 and v ∈ Rm)
≤
m∑
i=1
dM (xi, yi)
p. (12)
Let pii ∈ Π(µi, νi) (i = 1, . . . ,m) be any coupling. Then, ⊗mi=1pii ∈ Π(⊗mi=1µi,⊗mi=1νi) and we have
Wp[dH](⊗mi=1µi,⊗mi=1νi)p = inf
pi∈Π(⊗mi=1µi,⊗mi=1νi)
∫
Mm×Mm
dH(X,Y )
pdpi(X,Y )
≤
∫
Mm×Mm
dH(X,Y )
pd(⊗mi=1pii)(X,Y )
≤
m∑
i=1
∫
M×M
dM (xi, yi)
pdpii(xi, yi) (Equation (12)).
By taking the infimum for each pii, we have
Wp[dH](⊗mi=1µi,⊗mi=1νi)p ≤
m∑
i=1
Wp[dM ](µi, νi)
p.
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Obviously, Proposition 5.2 is contained in Proposition 5.4 by setting µi ≡ µ and νi ≡ ν for all
i = 1, . . . ,m. From Theorem 2.4, the map V k,w : D → Hk is shown to be Lipschitz continuous. The
following theorem is its generalization to probability distributions:
Theorem 5.5. Let P and Q be Radon probability measures on D, 1 ≤ p <∞, k ∈ Kc, and w ∈ W∞(D).
Then, we have ∥∥ED∼P [V k,w(D)]− EE∼Q[V k,w(E)]∥∥Hk
≤ (Lip(k) Bdd(w;D) +
√
Bdd(k)L∞(w;D))Wp[dW∞ ](P,Q).
Proof. Let pi ∈ Π(P,Q) be any coupling, then we have∥∥ED∼P [V k,w(D)]− EE∼Q[V k,w(E)]∥∥pHk
=
∥∥∥∥∫D V k,w(D)dP (D)−
∫
D
V k,w(E)dQ(E)
∥∥∥∥p
Hk
=
∥∥∥∥∫D×D (V k,w(D)− V k,w(E)) dpi(D,E)
∥∥∥∥p
Hk
(Definition of a coupling pi)
≤
(∫
D×D
∥∥V k,w(D)− V k,w(E)∥∥Hk dpi(D,E)
)p
(‖E[V ]‖Hk ≤ E[‖V ‖Hk ])
≤
∫
D×D
∥∥V k,w(D)− V k,w(E)∥∥pHk dpi(D,E) (Jensen’s inequality)
≤
∫
D×D
(Lip(k) Bdd(w;D) +
√
Bdd(k)L∞(w;D))pdW∞(D,E)pdpi(D,E) (Theorem 2.4)
= (Lip(k) Bdd(w;D) +
√
Bdd(k)L∞(w;D))pWp[dW∞ ](P,Q)p.
Combining Proposition 5.1, Proposition 5.4, and Theorem 5.5, the difference between two expectations
of PWK vectors is estimated by the differences between probability distributions on M .
Corollary 5.6. Let (M,dM ) be a metric space, {µi}mi=1 and {νi}mi=1 be families of Radon probability
measures on M , 1 ≤ p <∞, k ∈ Kc, and w ∈ W∞(D(B(M))). Then, we have∥∥EX∼⊗mi=1µi [V k,w(Dq(B(X)))]− EY∼⊗mi=1νi [V k,w(Dq(B(Y )))]∥∥Hk
≤ (Lip(k) Bdd(w;D(B(M))) +
√
Bdd(k)L∞(w;D(B(M))))
(
m∑
i=1
Wp[dM ](µi, νi)
p
)1/p
.
6 Numerical experiments
In this section, we apply the PWK vector to probability distributions and compare the performance
among the PWK vector and other statistical methods for persistence diagrams. All persistence diagrams
are obtained from the ball model filtration, in dimension 1, and computed by HomCloud.13
Let D1, . . . , Dn be persistence diagrams with some property (A) and E1, . . . , En be persistence dia-
grams with some property (B). Then, we consider to decide whether the properties (A) and (B) are the
same or not from the sample sets {Di}ni=1 and {Ej}nj=1. This problem is called the two sample problem
and we formalize this problem in terms of the hypothesis testing as follows: Let P and Q be probability
measures on D, then we define a null hypothesis by H0 : P = Q and the alternative hypothesis by
H1 : P 6= Q. If P = Q, it is expected that
∥∥n−1∑ni=1 V k,w(Di)− n−1∑ni=1 V k,w(Ei)∥∥Hk is small from
Theorem 3.3 and Theorem 5.5, however, the problem is how small the threshold determines whether the
null hypothesis H0 is accepted or rejected. To solve this, we apply the kernel method to the two sample
problem [Gretton et al., 2007, Gretton et al., 2012] (see also Appendix A) for persistence diagrams. In
order to measure the performance of the hypothesis testing procedure, we compute the type I and type
II error for the testing, where the type I error is defined by the probability that H0 is rejected when
H0 is true and the type II error is defined by the probability that H0 is accepted when H1 is true. If a
13http://www.wpi-aimr.tohoku.ac.jp/hiraoka_labo/homcloud/index.en.html.
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hypothesis testing procedure decides that any null hypothesis is rejected, then the type I error is 0 but
the type II error is 1. Hence, it is desired that both type I and type II error of a hypothesis testing
procedure are small.
In the kernel two sample test, we use the following statistics
MMDu(Dn,En;K)
2 :=
1
n(n− 1)
n∑
i=1
n∑
j 6=i
K(Di, Dj)
+
1
n(n− 1)
n∑
a=1
n∑
b 6=a
K(Ea, Eb)− 2
n2
n∑
i=1
n∑
a=1
K(Di, Ea),
where K is a positive definite kernels K on D, and an algorithm to compute the type I error is given as
follows (see also Appendix A):
Algorithm 2 The algorithm for the type I error by the kernel method for persistence diagrams
Require: α ∈ (0, 1). q,m,N ∈ N. D1, . . . , Dn: i.i.d. samples drawn from P . E1, . . . , En:
i.i.d. samples drawn from Q. K: a positive definite kernel for persistence diagrams.
1: Compute the upper α-quantile ξˆn,1−α of nMMDu(Dn,En;K)2 by the bootstrap method
on the aggregated data.
2: for ` = 1, . . . , N do
3: Resample m samples D1,`, . . . , Dm,` (resp. E1,`, . . . , Em,`) from {D1, . . . , Dn} (resp.
{E1, . . . , En}).
4: Compute mMMDu(Dm,`,Em,`;K).
5: end for
6: Compute pˆ := N−1
∑N
`=1 I(mMMDu(Dm,`,Em,`;K)≤ξˆn,1−α).
7: return 1− pˆ.
The output of Algorithm 2 is the type I error under H0. With respect to the type II error, we consider
another null distribution H∗0 : P 6= Q and set pˆ as the type II error under H0 where 1 − pˆ is the type I
error under H∗0 .
We remark that, when we apply Algorithm 2 to X1, . . . , Xn, i.i.d. ∼ P and Y1, . . . , Yn, i.i.d. ∼ Q
where P and Q are probability measures on the set F(Rd) of finite point sets in Rd, the null hypothesis
H0 : φ∗P = φ∗Q is also denoted by H0 : P = Q in this section.
6.1 Kernels on persistence diagrams
In order to apply the kernel two sample test to persistence diagrams, we will define four positive definite
kernels on persistence diagrams D: the PWK vector, a persistence landscape, the persistence scale-space
kernel, and the Sliced Wasserstein kernel.14
6.1.1 PWK vector
We define a positive kernel of the PWK as the Gaussian kernel on the RKHS:
KPW(D,E; k,w) = exp
−∥∥V k,w(D)− V k,w(E)∥∥2Hk
2τ2
 , (13)
where τ is a positive parameter. We fix a positive definite kernel on R2 as the Gaussian kernel k(x, y) =
e−
‖x−y‖2
2σ2 and select a weight function from the unweighted function w0(x) ≡ 1, the linear weight function
w1(x) = pers(x), and the arctangent weight function warc(x) = arctan(Carcpers(x)
5). All parameters
σ,Carc, τ are computed as follows:
15 For a collection of persistence diagrams D = {D`}n`=1, we set
σ = median{σ(D`)}n`=1, σ(D) = median{‖xi − xj‖ | xi, xj ∈ D, i < j}, (14)
C = (median{pers(D`)}n`=1)−p, pers(D) = median{pers(xi) | xi ∈ D},
τ = median
{∥∥V k,w(Di)− V k,w(Dj)∥∥Hk ∣∣∣ 1 ≤ i < j ≤ n} . (15)
14For comparison in machine learning tasks among the PWK vector, a persistence landscape, and the persistence scale-
space kernel, please see [Kusano et al., 2018].
15For the reason of fixing the parameters in this way, please also see [Kusano et al., 2018].
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6.1.2 Persistence landscape
A persistence landscape [Bubenik, 2015] is defined by
V PL(D)(k, t) := k-th largest value of max{min{t− bi, di − t}, 0} (k ∈ N, t ∈ R)
and V PL(D) is in L2(N × R) when card (D) is finite. From the construction, a generator with large
(resp. small) persistence has a large (resp. small) value in the persistence landscape. For example, the
persistence landscape V PL(D)(1, t) of a persistence diagram D = {(b, d)} of a single generator has a peak
at (b + d)/2 whose height is (d − b)/2, which is linear in the persistence. By using the inner product of
L2(N× R), we consider the linear kernel on L2(N× R):
KPL(D,E) = 〈V PL(D), V PL(E)〉L2(N×R). (16)
6.1.3 Persistence scale-space kernel
The persistence scale-space kernel (PSSK) [Reininghaus et al., 2015] is defined by
KPSS(D,E; t) =
1
8pit
∑
x∈D
∑
y∈E
e−
‖x−y‖2
8t − e− ‖x−y¯‖
2
8t , (17)
where y¯ := (y2, y1) for y = (y1, y2). The vector representation of D by the PSSK is Φt(D)(x) =
1
4pit
∑
y∈D e
− ‖x−y‖24t − e− ‖x−y¯‖
2
4t , which is motivated from the solution of the heat diffusion equation for
D, and the PSSK is given by the L2-inner product, i.e., KPSS(D,E; t) = 〈Φt(D),Φt(E)〉L2(R2ad). We set
t = σ2/2, where σ is of Equation (14), so as the kernel bandwidths in V kG,w(D) and Φt(D) are the same.
As a modification of the PSSK to improve treatments of probability distributions on D, the universal
persistence scale-space kernel (u-PSSK) [Kwitt et al., 2015] is proposed as follows:
KPSSu (D,E; t) := exp
(∥∥V PSSt (D)− V PSSt (E)∥∥2L2(R2ad)) .
6.1.4 Sliced Wasserstein kernel
Another positive definite kernel for persistence diagrams uses an idea of the sliced Wasserstein distance.
For θ ∈ S1, L(θ) denotes the line {λ(cos θ, sin θ) | θ ∈ R} and piθ : R2 → L(θ) denotes the orthogonal
projection onto the line L(θ). Let p∆ : R2 → ∆ be an orthogonal projection onto the diagonal. Here,
for finite nonnegative measures µ and ν on R with the same mass, i.e., µ(R) = ν(R), the generalized
1-Wasserstein distance is denoted by
W(µ, ν) := m inf
pi∈Π(µ′,ν′)
∫
R×R
|x− y| dpi(x, y),
where m = µ(R), µ′ = µ/m, and ν′ = ν/m. Let D and E be finite persistence diagrams. Then, the
Sliced Wasserstein distance between D and E is defined by
SW(D,E) :=
1
2pi
∫
S1
W(
∑
x∈D
δpiθ(x) +
∑
y∈E
δpiθ◦p∆(y),
∑
y∈E
δpiθ(y) +
∑
x∈D
δpiθ◦p∆(x))dθ.
The induced positive definite kernel from the Sliced Wasserstein distance
KSW(D,E) := exp
(
−SW(D,E)
2τ2
)
is called the Sliced Wasserstein kernel [Carriere et al., 2017].
6.2 Perturbed lattice
We begin with the kernel two sample test for persistence diagrams of synthesized data. Let L := {(i, j) |
i, j = 1, . . . ,mL} be a 2-dimensional square lattice with size mL ∈ N. As mentioned in Example 5.3, a
sample X drawn from the product measure Pr := ⊗x∈L Unif(Box(x, r)) is seen as a point set representing
a perturbed lattice, where Box(x, r) = [x1 − r, x1 + r] × [x2 − r, x2 + r] is a square region centered
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at x = (x1, x2) ∈ R2 with parameter r > 0. We also consider another probability measure Qs =⊗
x∈LN2(x, s2I2) with parameter s > 0.
We remark that, for U1, U2, i.i.d. ∼ Unif([−r, r]) (r > 0), we have (U1, U2) ∼ Unif(Box(0, r)) and
the covariance matrix of (U1, U2) is given by (r
2/3)I2 since the variance of the uniform distribution on
[a, b] ⊂ R is (b− a)2/12. Thus, for any x ∈ R2, Unif(Box(x, r)) and N2(x, s2I2) have the same mean and
covariance matrix when r2 = 3s2.
In our experiment, we fix s = 0.1 and consider the two sample problem where the null hypothesis is
Hr0 : Pr = Q0.1 and the alternative hypothesis is Hr1 : Pr 6= Q0.1. Since Pr and Q0.1 are not the same for
any r, the null hypothesis Hr0 should be rejected, and hence the type I error should be small. We consider
the 2-dimensional square lattice L with size mL = 20, take n = 50 samples from each distribution Pr
and Q0.1, and fix the parameters in Algorithm 2 by α = 0.01, q = 1,m = 40, N = 1000.16 Table 1 shows
the type I and type II errors of the kernel two sample test under the null hypothesis Hr0 .
Table 1: Each value in the table is the type I error (left) and the type II error (right). ? (resp. N) means
the results of the PWK vector and the PSSK with the larger (resp. smaller) bandwidth in the Gaussian
kernel on R2 which is given by 10σ and 10t (resp. σ/10 and t/10).
The null hypothesis H0.1
√
2 H0.1
√
3 H0.2 ? H0.1
√
3 N H0.1
√
3
w0 0.00/0.00 0.00/0.00 0.00/0.00 0.00/1.00 0.00/0.01
PWK w1 0.00/0.00 0.00/0.00 0.00/0.00 0.00/0.01 0.00/0.00
warc 0.00/0.00 0.00/0.00 0.00/0.00 0.00/0.45 0.00/0.00
PSSK 0.00/0.00 0.00/0.02 0.00/0.00 0.00/0.03 0.00/0.02
universal PSSK 0.00/0.00 0.00/0.02 0.00/0.00 0.00/0.02 0.00/0.06
Persistence landscape 0.00/0.00 0.00/0.91 0.00/0.03 – –
Sliced Wasserstein 0.00/0.00 0.00/0.00 0.00/0.00 – –
With respect to H0.1
√
2
0 and H
0.2
0 , all methods correctly show low error rates. The problem is H
0.1
√
3
0
because Unif(Box(x, 0.1
√
3)) and N2(x, (0.1
√
3)2I2) have the same mean and covariance matrix for any
x ∈ R2. The PWK vector, the (universal) PSSK, and the Sliced Wasserstein kernel can detect the
difference between P0.1
√
3 and Q0.1 correctly. The result of a persistence landscape, showing the high
type I error, is considered to be caused by its construction: a value in the persistence landscape is linearly
dependent on the persistence. On purpose, we try the testing with larger and smaller parameters σ in
KPW and t in KPSS, then the results get worse, which implies the selection of parameters is an important
issue as also mentioned in [Kusano et al., 2018].
In order to focus on differences between the two distributions P0.1
√
3 and Q0.1, we will compare
confidence intervals for the expectation of the PWK vector. A uniform confidence band ξ˜n,α,b is computed
from Algorithm 1, where the parameters are fixed as α = 0.05 and b = 104. For x = (x1, x2) ∈ R2 and
r > 0, we fix Box(x; r) as a bounded dense subset of R2 and consider the set of confidence intervals for
{φ∗Pfk,wz | z ∈ I200 (x, r)} where Its(x, r) = {(x1, x2 + r(0.1i− 1))}ti=s (s < t ∈ N∪ {0}) as an index set.17
Since all generators in dimension 1 of the 2-dimensional square lattice L appear at 1/2 and disappear√
2/2, we fix x = (1/2,
√
2/2) and try r = 0.05. Then, the confidence intervals for φ∗P0.1
√
3fk,wz and
φ∗Q0.1fk,wz do not have an intersection on z ∈ I176 (x, r) for w0, z ∈ I200 (x, r) for w1, and z ∈ I118 (x, r)
for warc (Figure 2). This result implies that a topological feature whose birth-death pair locates around
(1/2,
√
2/2) shows the difference between the P0.1
√
3 and Q0.1.
6.3 Mate´rn Hard-Core Point Process
The Mate´rn hard-core point process [Mate´rn, 1960] generates a random point sets, which is related to
a mathematical model of a granular packing system in material science. Let λ > 0. When N is drawn
from the Poisson distribution with intensity λ, the (random) point set
{(ai, bi) | i = 1, . . . , N, a1, . . . , aN , b1, . . . , bN , i.i.d. ∼ Unif([0, 1])}
16α is the significance level. q is the dimension of persistence diagrams. m is the number of sampling to compute the
type I error empirically. N is the number of trials to compute the type I error.
17Note that φ∗Pfk,wz is the value at z of the expectation of the PWK vector, that is, φ∗Pfk,wz =
EX∼P [V k,w(Dq(B(X)))](z).
17
Figure 2: The red region is Box(x; r) (left). For each point z in the index set Its(x, r) in Box(x; r) (center),
we compare the confidence intervals for φ∗P0.1
√
3fk,wz and φ∗Q0.1fk,wz . This result uses w0 and shows
that there is no intersection between the confidence intervals on z ∈ I176 (x, r).
Q0.1
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is denoted by Xλ0 and the underlying probability distribution of X
λ
0 is denoted by Pλ0 , which is known as
the homgeneous Poisson point process in [0, 1]2 with intensity λ. Since Xλ0 ∼ Pλ0 is randomly scattered in
[0, 1]2, the pairwise distance of some two points in Xλ0 may be less than some value R > 0. [Mate´rn, 1960]
proposes two thinning rules so that all pairwise distances of any remaining two points are grater than or
equal to R.
In the Type I way, a point xi ∈ Xλ0 is removed if there exists another point xj ∈ Xλ0 such that
‖xi − xj‖ < R. Then, the resulting point set is denoted by
Xλ,R1 := {xi ∈ Xλ0 | ‖xi − xj‖ > R for any j 6= i}
and the corresponding probability distribution is denoted by Pλ,R1 .
In the Type II way, for w1, . . . , wN , i.i.d. ∼ Unif([0, 1]), we use wi as a label of xi ∈ Xλ0 . While the
Type I way always thins xi if the R-ball centered at xi contains another xj , the Type II way does not
thin xi if the label wi is greater than the other wj whose corresponding xj are in the R-ball centered at
xi. Then, the resulting point set is denoted by
Xλ,R2 := {xi ∈ Xλ0 | wi > wj for any wj such that ‖xi − xj‖ ≤ R}
and the corresponding probability distribution is denoted by Pλ,R2 . If w1 > w2 and ‖x1 − x2‖ ≤ R, we
have x1 ∈ Xλ,R2 and x2 6∈ Xλ,R2 , while both x1 and x2 are not in Xλ,R1 . Thus, the Type II way remains
more points than the Type I way. In Figure 3, we can see that the Type I way removes many small
clusters of points in Xλ0 and the Type II way remains at least one point from these clusters in X
λ
0 , which
implies that blank regions (large topological features) in Xλ0 and X
λ,R
2 are similar and the differences
between Xλ0 and X
λ,R
2 are seen in small clusters of points (small topological features). We fix λ = 200
and R = 0.03, take n = 50 samples from each distributions Pλ0 ,Pλ,R1 ,Pλ,R2 , and fix the parameters in
Algorithm 2 by α = 0.01, q = 1,m = 40, N = 1000.
Table 2: Each value in this table is the type I error (left) and the type II error (right).
The null hypothesis Pλ0 = Pλ,R1 Pλ0 = Pλ,R2 Pλ,R1 = Pλ,R2
w0 0.00/0.00 0.001/0.00 0.00/0.00
PWK w1 0.00/0.00 0.00/0.75 0.00/0.00
warc 0.00/0.00 0.00/0.91 0.00/0.00
PSSK 0.00/0.00 0.00/0.84 0.00/0.00
universal PSSK 0.00/0.00 0.00/0.96 0.00/0.00
Persistence landscape 0.00/0.00 0.00/0.99 0.00/0.01
Sliced Wasserstein 0.00/0.00 0.00/0.98 0.00/0.00
Table 2 shows that the PWK vector with w0 only correctly classifies Pλ0 and Pλ,R2 . This is an
interesting result because most of the research in statistical TDA regard a generator with large persistence
as an important feature and a generator with small persistence as a noisy feature, which is a common
view of a persistence diagram in TDA community, but w0 treat them equivalently. Since the Type II
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Figure 3: From left to right, Xλ0 , X
λ,R
1 , X
λ,R
2 (top) and the corresponding persistence diagrams in dimen-
sion 1 (bottom). In a red encircled region in the point sets, for two points whose distance is less than
R, we can see that the Type I way removes both two points and the Type II way remains at least one
points.
D1(B(X 0 ))
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<latexit sha1_base64="IcNL7+86TefM5/WlQwx1V3/oh3s=">AAAXIXictVjNbxtFFH9t+Sjho2m RLCSEZLCKEimt1qYChACZJGoTKYfUIR9Sklq763G6ynq92t04pItP3PgHOHACxKHiBn8CF7ghJA4VEnfEsQguHHjvza53be/HuFJs2R7P/N7v/ebNzJuZNVzb8gNNe3Th4qWnnn7m2cvPzT3/wosvXZm/em3 H7594ptg2+3bf2zN0X9iWI7YDK7DFnusJvWfYYtc4XqH23YHwfKvvfBycueKwpx85Vtcy9QCr2vOvrbbD+nDhwF5e2LsXHtho2dGXWkOqXVxsz9e0mxq/qtOFelSoNV83/gB8bfavzv0DB9CBPphwAj0Q4EC AZRt08PG9D3XQwMW6QwixzsOSxe0ChjCHtieIEojQsfYYv4/w335U6+B/4vTZ2kQvNn48tKzCde037aH2WPtJ+077U/svlytkDtJyhr+GtBVu+8rnr2z9W6gggC68y54tVOJyDWkyJcfgwRePt95rXQ/f1L7 W/kI1X2mPtB9RjzP42/z2rmh9Waqph78B3C+IRIw0McZFKANRRfHUMXI29+UTjEMRUzrKRapsLBHK4h70eFRnsyA04SkKx4ihWNC8CDjOHsUYW7uwjKUP4EP8PhhFrIvtZBVi6xCWuM3ORBr4TqPMTJTJ+tI 4I4etG6FIeZOV9rCvJs97HeseYO0cq+nj28WShTYOr44si/ehAW+zhY5jPMBvmmEih72JJcFogSPpMrqD390oZlTfwU+Xe+qPVlCVa5rwEepysR/Z7ILZ0nYh1jrYj7S3rFEo4x5GEZtVtX0OquWMOC/F5jko jmfneWk2ziXK3RkUe5wxZA6QWYHm+Slnox5zEnvIew1lwjAqC+RO8+RZreI7tlpVthK8S0mrAe9epNLHFU2r2ym1d9lHOCrL3Y/GcjjKfnm2XsqWcuYRRjBgDg+xp6W+7ZS9zaM+i3UrZd16Au8bKfuNmb1v jPU+tn+SKHg5cczi8hVi6mVENV9XERfleJP3/jC1ajwsydb73E65dQUxMbZY34oyJ6lX56Ueuhyfad7WqK1sRuVzhLzftrBNjcvH3dTIZNqKWortt3LtZWS2sE2F5zZngqCA6Tb3SWLKcgXl6Oz4JG3FHJsF HJuKHFaUXyftZX3ZrLb4XJe2pjPQNNs648q0BHwKLWeTuPKsQrNLhS9GljF2EOdPjX82Z4JVYdUV45hgy1jlPWoyN2SzJlgVVqnBUWZO8Cq7IJ0XLN717Wg3TnMKPhcNuS5BfZqJ4VvbGK7Y9xrXZK2FuKUs G/fx1JBlH7eUzYM1tu5AO1ODyky6U8hxR5FlvYBjXYlhuYBhOcXg8v454DESmUy7iKSnCnSXreYwEobqa4hT594F+cyC+BsR/27E0+DaGvuN52wZn447iJ9Sm5wYqDTgfBwwZ/pkQuW4jWYszVnJRPdy+Qyiy qdR+ieUlDh87+7latkp0LIzoaU6YlPx7Ean5izPC8hFHqtjPhdHnmJbh0dW8FMFX8mrwec0k/HZfQ4zfR9EWYK8pzlm8UlPMoJMr/uZPg9THvt4k6pOMKn4NjlSnTGv4ysiQSRjkqwP6T/GWHzDs/k5zZmSf zqPubxj5vlPEPn+Y0yf55uKX1LqpNarvPU4GFmbVwnxL/FvI4p60hp7lRzyeZP010Ed5ugeWj7DT5HxmNesyVreYi07cC/qYaxgiDO+hq2LivkoZk5ODvtwK+pnvAanFcRRjbNWyD6HcEMJeYvHox3NqrXJL Nqer9UnnwZPF3YaN+tYvqvVmk2Qr8vwKryB/a/DO9BE3k3YRv7P4CF8Dz9Uvqn8XPml8quEXrwQ2bwMY6/K7/8DQNql0w==</latexit><latexit sha1_base64="w9eKCyTTjKxRX4YfXaq4kmVh1TU=">AAAXIXictVjNbxtFFH8tXyV8NAU pICEkg1WUSKFahwoQAmSSqE2kHFKbfEhJau2ux+kq6/Vqd+OQLj5x4x/gwAkQh4obHPgDuMANkDhUSNwRxyK4cOC9N7vetb0f40q2ZXs883u/95s3M29m1nBtyw807f6Fi488+tjjT1x6cu6pp5959vL8led 2/d6pZ4ods2f3vH1D94VtOWInsAJb7Lue0LuGLfaMkzVq3+sLz7d6zofBuSuOuvqxY3UsUw+wqjX/8norrA0WD+3Vxf3b4aGNlm19uTGg2qWl1nxVu6bxqzJZqEWFav0V4w/45fsXtntX5v6BQ2hDD0w4hS4 IcCDAsg06+Pg+gBpo4GLdEYRY52HJ4nYBA5hD21NECUToWHuC38f47yCqdfA/cfpsbaIXGz8eWlbgqvabdk97oP2ofaP9qf2XyxUyB2k5x19D2gq3dfnTF5v/FioIoANvs2cLlbhcQ5pMydG/+9mD5juNq+F r2pfaX6jmC+2+9gPqcfp/m1/fEo3PSzV18TeAOwWRiJEmxrgIZSCqKJ46Rs7mvnyEcShiSke5SJWNJUJZ3IMuj+p0FoQmPEXhBDEUC5oXAcfZoxhjawdWsfQevI/fh8OIdbCdrEJsHcAyt9mZSAPfaZSZiTJ ZXxpn5LB1IhQpr7PSLvbV5HmvY91drJ1jNT18u1iy0Mbh1ZFl8S6swJtsoeMY9/GbZpjIYa9jSTBa4Ei6jG7jdyeKGdW38dPhnvrDFVThmjp8gLpc7Ec2u2C2tF2ItQ72I+0taxTKuAdRxKZVbc9AtZwRs1Js zkBxPDtnpdmYSZQ7Uyj2OGPIHCCzAs3zM85GXeYk9pD3GsqEYVQWyJ3mybNax3dsta5sJXiXklZ93r1IpY8rmla3U2rvso9wWJa7H43lYJj98my9lC3lzGOMYMAcHmLPSn3bKXubR30a60bKuvEQ3rdS9ltT e98a6X1s/zBR8HLimMXlK8TUy4hqvq4iLsrxJu/9YWrVeFiSrXe4nXLrGmJibLG+NWVOUq/OSz10OT6TvI1hW9mMyucIeb9tYJsal4+7qZHJ1Ixaiu2bufYyMk1sU+G5wZkgKGC6wX2SmLJcQTk6Oz5JWzHH dgHHtiKHFeXXcXtZXzarLT7Xpa3pDDTJtsm4Mi0Bn0LL2SSuPKvQ7FLhi5FljG3E+RPjn82ZYFVYdcU4JtgyVnmPGs8N2awJVoVVanCUmRO8yi5I5wWLd3072o3TnILPRQOuS1AfZ2L41jaCK/a9wTVZayFu KcvGPTw1ZNnHLWXzYIOt29DK1KAyk24WctxUZNks4NhUYlgtYFhNMbi8f/Z5jEQm0x4i6akC3WUrOYyEofoq4tS590A+syD+lYh/L+JZ4doq+43nbBmfjjuIn1KbnBio1Od8HDBn+mRC5biNZizNWclE93L5D KLCp1H6J5SUOHzv7uZq2S3QsjumpTJkU/HsRqfmLM+LyEUeKyM+l4aeYluHR1bwUwVfyavB5zST8dl9DjN9H0ZZgrynOabxSU8ygkyvB5k+j1Iee3iTqowxqfg2OVLtEa+jKyJBJGOSrA/pP8ZYfMOz+TnNu ZJ/Oo+5vGPm+U8Q+f5jTI/nm4pfUuqk1qu89TgYWZtXCfEv8+9KFPWkNfYqOeTzJumvjTrM4T20fIafIeMJr1mTtbzBWnbhdtTDWMEAZ3wVW5cU81HMnJwcDuB61M94DU4qiKMaZ62QfQ7gdSXkdR6PVjSrN sazaGu+Wht/GjxZ2F25VsPyLa1ar4N8XYKX4FXsfw3egjrybsMO8n8C9+Bb+G7hq4WfFn5e+FVCL16IbJ6HkdfC7/8DpN+ncg==</latexit><latexit sha1_base64="w9eKCyTTjKxRX4YfXaq4kmVh1TU=">AAAXIXictVjNbxtFFH8tXyV8NAU pICEkg1WUSKFahwoQAmSSqE2kHFKbfEhJau2ux+kq6/Vqd+OQLj5x4x/gwAkQh4obHPgDuMANkDhUSNwRxyK4cOC9N7vetb0f40q2ZXs883u/95s3M29m1nBtyw807f6Fi488+tjjT1x6cu6pp5959vL8led 2/d6pZ4ods2f3vH1D94VtOWInsAJb7Lue0LuGLfaMkzVq3+sLz7d6zofBuSuOuvqxY3UsUw+wqjX/8norrA0WD+3Vxf3b4aGNlm19uTGg2qWl1nxVu6bxqzJZqEWFav0V4w/45fsXtntX5v6BQ2hDD0w4hS4 IcCDAsg06+Pg+gBpo4GLdEYRY52HJ4nYBA5hD21NECUToWHuC38f47yCqdfA/cfpsbaIXGz8eWlbgqvabdk97oP2ofaP9qf2XyxUyB2k5x19D2gq3dfnTF5v/FioIoANvs2cLlbhcQ5pMydG/+9mD5juNq+F r2pfaX6jmC+2+9gPqcfp/m1/fEo3PSzV18TeAOwWRiJEmxrgIZSCqKJ46Rs7mvnyEcShiSke5SJWNJUJZ3IMuj+p0FoQmPEXhBDEUC5oXAcfZoxhjawdWsfQevI/fh8OIdbCdrEJsHcAyt9mZSAPfaZSZiTJ ZXxpn5LB1IhQpr7PSLvbV5HmvY91drJ1jNT18u1iy0Mbh1ZFl8S6swJtsoeMY9/GbZpjIYa9jSTBa4Ei6jG7jdyeKGdW38dPhnvrDFVThmjp8gLpc7Ec2u2C2tF2ItQ72I+0taxTKuAdRxKZVbc9AtZwRs1Js zkBxPDtnpdmYSZQ7Uyj2OGPIHCCzAs3zM85GXeYk9pD3GsqEYVQWyJ3mybNax3dsta5sJXiXklZ93r1IpY8rmla3U2rvso9wWJa7H43lYJj98my9lC3lzGOMYMAcHmLPSn3bKXubR30a60bKuvEQ3rdS9ltT e98a6X1s/zBR8HLimMXlK8TUy4hqvq4iLsrxJu/9YWrVeFiSrXe4nXLrGmJibLG+NWVOUq/OSz10OT6TvI1hW9mMyucIeb9tYJsal4+7qZHJ1Ixaiu2bufYyMk1sU+G5wZkgKGC6wX2SmLJcQTk6Oz5JWzHH dgHHtiKHFeXXcXtZXzarLT7Xpa3pDDTJtsm4Mi0Bn0LL2SSuPKvQ7FLhi5FljG3E+RPjn82ZYFVYdcU4JtgyVnmPGs8N2awJVoVVanCUmRO8yi5I5wWLd3072o3TnILPRQOuS1AfZ2L41jaCK/a9wTVZayFu KcvGPTw1ZNnHLWXzYIOt29DK1KAyk24WctxUZNks4NhUYlgtYFhNMbi8f/Z5jEQm0x4i6akC3WUrOYyEofoq4tS590A+syD+lYh/L+JZ4doq+43nbBmfjjuIn1KbnBio1Od8HDBn+mRC5biNZizNWclE93L5D KLCp1H6J5SUOHzv7uZq2S3QsjumpTJkU/HsRqfmLM+LyEUeKyM+l4aeYluHR1bwUwVfyavB5zST8dl9DjN9H0ZZgrynOabxSU8ygkyvB5k+j1Iee3iTqowxqfg2OVLtEa+jKyJBJGOSrA/pP8ZYfMOz+TnNu ZJ/Oo+5vGPm+U8Q+f5jTI/nm4pfUuqk1qu89TgYWZtXCfEv8+9KFPWkNfYqOeTzJumvjTrM4T20fIafIeMJr1mTtbzBWnbhdtTDWMEAZ3wVW5cU81HMnJwcDuB61M94DU4qiKMaZ62QfQ7gdSXkdR6PVjSrN sazaGu+Wht/GjxZ2F25VsPyLa1ar4N8XYKX4FXsfw3egjrybsMO8n8C9+Bb+G7hq4WfFn5e+FVCL16IbJ6HkdfC7/8DpN+ncg==</latexit><latexit sha1_base64="w9eKCyTTjKxRX4YfXaq4kmVh1TU=">AAAXIXictVjNbxtFFH8tXyV8NAU pICEkg1WUSKFahwoQAmSSqE2kHFKbfEhJau2ux+kq6/Vqd+OQLj5x4x/gwAkQh4obHPgDuMANkDhUSNwRxyK4cOC9N7vetb0f40q2ZXs883u/95s3M29m1nBtyw807f6Fi488+tjjT1x6cu6pp5959vL8led 2/d6pZ4ods2f3vH1D94VtOWInsAJb7Lue0LuGLfaMkzVq3+sLz7d6zofBuSuOuvqxY3UsUw+wqjX/8norrA0WD+3Vxf3b4aGNlm19uTGg2qWl1nxVu6bxqzJZqEWFav0V4w/45fsXtntX5v6BQ2hDD0w4hS4 IcCDAsg06+Pg+gBpo4GLdEYRY52HJ4nYBA5hD21NECUToWHuC38f47yCqdfA/cfpsbaIXGz8eWlbgqvabdk97oP2ofaP9qf2XyxUyB2k5x19D2gq3dfnTF5v/FioIoANvs2cLlbhcQ5pMydG/+9mD5juNq+F r2pfaX6jmC+2+9gPqcfp/m1/fEo3PSzV18TeAOwWRiJEmxrgIZSCqKJ46Rs7mvnyEcShiSke5SJWNJUJZ3IMuj+p0FoQmPEXhBDEUC5oXAcfZoxhjawdWsfQevI/fh8OIdbCdrEJsHcAyt9mZSAPfaZSZiTJ ZXxpn5LB1IhQpr7PSLvbV5HmvY91drJ1jNT18u1iy0Mbh1ZFl8S6swJtsoeMY9/GbZpjIYa9jSTBa4Ei6jG7jdyeKGdW38dPhnvrDFVThmjp8gLpc7Ec2u2C2tF2ItQ72I+0taxTKuAdRxKZVbc9AtZwRs1Js zkBxPDtnpdmYSZQ7Uyj2OGPIHCCzAs3zM85GXeYk9pD3GsqEYVQWyJ3mybNax3dsta5sJXiXklZ93r1IpY8rmla3U2rvso9wWJa7H43lYJj98my9lC3lzGOMYMAcHmLPSn3bKXubR30a60bKuvEQ3rdS9ltT e98a6X1s/zBR8HLimMXlK8TUy4hqvq4iLsrxJu/9YWrVeFiSrXe4nXLrGmJibLG+NWVOUq/OSz10OT6TvI1hW9mMyucIeb9tYJsal4+7qZHJ1Ixaiu2bufYyMk1sU+G5wZkgKGC6wX2SmLJcQTk6Oz5JWzHH dgHHtiKHFeXXcXtZXzarLT7Xpa3pDDTJtsm4Mi0Bn0LL2SSuPKvQ7FLhi5FljG3E+RPjn82ZYFVYdcU4JtgyVnmPGs8N2awJVoVVanCUmRO8yi5I5wWLd3072o3TnILPRQOuS1AfZ2L41jaCK/a9wTVZayFu KcvGPTw1ZNnHLWXzYIOt29DK1KAyk24WctxUZNks4NhUYlgtYFhNMbi8f/Z5jEQm0x4i6akC3WUrOYyEofoq4tS590A+syD+lYh/L+JZ4doq+43nbBmfjjuIn1KbnBio1Od8HDBn+mRC5biNZizNWclE93L5D KLCp1H6J5SUOHzv7uZq2S3QsjumpTJkU/HsRqfmLM+LyEUeKyM+l4aeYluHR1bwUwVfyavB5zST8dl9DjN9H0ZZgrynOabxSU8ygkyvB5k+j1Iee3iTqowxqfg2OVLtEa+jKyJBJGOSrA/pP8ZYfMOz+TnNu ZJ/Oo+5vGPm+U8Q+f5jTI/nm4pfUuqk1qu89TgYWZtXCfEv8+9KFPWkNfYqOeTzJumvjTrM4T20fIafIeMJr1mTtbzBWnbhdtTDWMEAZ3wVW5cU81HMnJwcDuB61M94DU4qiKMaZ62QfQ7gdSXkdR6PVjSrN sazaGu+Wht/GjxZ2F25VsPyLa1ar4N8XYKX4FXsfw3egjrybsMO8n8C9+Bb+G7hq4WfFn5e+FVCL16IbJ6HkdfC7/8DpN+ncg==</latexit><latexit sha1_base64="w+EOoOLOx2wBsefXoyaz9IhIUdE=">AAAXIXictVjNbxtFFH8tXyV8NAX JQkJIFlZRIqXVOlSAECCTRG0i5ZA6xI6UpNbuepyusl6vdjcO6eITN/4BDpwAcai4wZ/ABW4IiUPFX4A4FsGFA++92fWu7f0YV4ot2+OZ3/u937yZeTOzhmtbfqBpjy5dfurpZ5597srzCy+8+NLLVxevvdL yB6eeKfbMgT3w9g3dF7bliL3ACmyx73pC7xu2aBsn69TeHgrPtwbOJ8G5K476+rFj9SxTD7Cqs/jGRiesj5YO7bWl/XvhoY2WXX2lOaLa5eXOYk27qfGrOluoR4UaRK+dwbWFf+AQujAAE06hDwIcCLBsgw4 +vg+gDhq4WHcEIdZ5WLK4XcAIFtD2FFECETrWnuD3Mf47iGod/E+cPlub6MXGj4eWVbiu/a491B5rP2vfa39q/+VyhcxBWs7x15C2wu1c/eK13X8LFQTQg/fYs4VKXK4hTabkGD748vHu+83r4VvaN9pfqOZ r7ZH2E+pxhn+b390Vza9KNfXxN4D7BZGIkSbGuAhlIKoonjpGzua+fIpxKGJKR7lIlY0lQlncgz6P6nwWhCY8ReEEMRQLmhcBx9mjGGNrD9aw9CF8hN+H44j1sJ2sQmwdwQq32ZlIA99plJmJMllfGmfksPU iFClvsNI+9tXkea9j3QOsXWA1A3y7WLLQxuHVkWXxAazCO2yh4xgP8ZtmmMhhb2BJMFrgSLqM7uJ3L4oZ1Xfx0+Oe+uMVVOWaBnyMulzsRza7YLa0XYi1DvYj7S1rFMq4R1HE5lVtX4BqOSMuSrF5AYrj2XlR mo0LiXJvDsUeZwyZA2RWoHl+xtmoz5zEHvJeQ5kwjMoCudM8eVYb+I6tNpStBO9S0mrIuxep9HFF0+p2Su1d9hGOy3L3o7EcjbNfnq2XsqWceYwRDJjDQ+xZqW87ZW/zqM9j3UxZN5/A+3bKfntu79sTvY/t nyQKXk4cs7h8hZh6GVHN11XERTne5L0/TK0aD0uy9T63U25dR0yMLda3rsxJ6tV5qYcux2eWtzluK5tR+Rwh77dNbFPj8nE3NTKZdqOWYvvdXHsZmV1sU+G5zZkgKGC6zX2SmLJcQTk6Oz5JWzHHTgHHjiKH FeXXaXtZXzarLT7Xpa3pDDTLtsW4Mi0Bn0LL2SSuPKvQ7FLhi5FljF3E+TPjn82ZYFVYdcU4JtgyVnmPms4N2awJVoVVanCUmRO8yi5I5wWLd3072o3TnILPRSOuS1CfZWL41jaBK/a9yTVZayFuKcvGAzw1 ZNnHLWXzYJOtu9DJ1KAyk+4UctxRZNkq4NhSYlgrYFhLMbi8fw55jEQmUxuR9FSB7rLVHEbCUH0NcercbZDPLIh/NeJvRzyrXFtjv/GcLePTcQfxU2qTEwOVhpyPA+ZMn0yoHLfRjKU5K5noXi6fQVT5NEr/h JISh+/d/VwtrQItrSkt1TGbimc3OjVneV5CLvJYnfC5PPYU2zo8soKfKvhKXg0+p5mMz+5zmOn7MMoS5D3NMY9PepIRZHo9yPR5lPI4wJtUdYpJxbfJkepOeJ1cEQkiGZNkfUj/McbiG57Nz2nOlfzTeczlH TPPf4LI9x9jBjzfVPySUie1XuWtx8HI2rxKiH+Ff1ejqCetsVfJIZ83SX9d1GGO76HlM/wMGU94zZqs5W3W0oJ7UQ9jBSOc8TVsXVbMRzFzcnI4gFtRP+M1OKsgjmqctUL2OYIbSshbPB6daFZtTmfRzmKtP v00eLbQWr1Zx/JdrdZoRE+Kr8Dr8Cb2vw7vQgN5d2AP+T+Hh/AD/Fj5tvJL5dfKbxJ6+VJk8ypMvCp//A+qV6Qy</latexit>
D1(B(X ,R2 ))
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way remains relatively large topological features and changes relatively small topological features by
its thinning rule (Figure 3), it is considered that generators with small persistence cause the difference
between two persistence diagrams of Pλ0 and Pλ,R2 . To see this, we focus on a point close to the diagonal
set and compare the confidence intervals where the index set is set as I201 (x, r) for x = (0.03, 0.04) and
r = 0.01 (Figure 4). Then, the confidence intervals for φ∗Pλ0 fk,wz and φ∗Pλ,R2 fk,wz have intersections
for on z ∈ I200 (x, r) for w1 and z ∈ I1914 (x, r) for warc. On the other hand, the confidence intervals by
w0 do not have an intersection on any z ∈ I200 (x, r). We remark that, when we select x = (0.05, 0.07)
whose persistence is lager than (0.03, 0.04), all confidence intervals by w0, w1, warc have intersections.
These results imply a topological feature whose persistence is relatively small will describe the difference
between Pλ0 and Pλ,R2 .
Figure 4: The red region is Box((0.03, 0.04); 0.01) (left). For z = (0.03, 0.04), the confidence intervals for
φ∗Pλ0 fk,wz and φ∗Pλ,R2 fk,wz are shown (right).
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7 Conclusion
In this paper, for the PWK vector, we have shown the strong law of large numbers, the central limit
theorem, and the stability of the expectation and constructed a uniform confidence band for the expec-
tation. Since the PWK vector is composed of a positive definite kernel k and a weight function w, we
also have characterized classes of k and w, which are needed to satisfy the above theorems. In numerical
experiments, we have discussed the role of a weight function in the two sample test and shown the ad-
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vantage of the PWK vector over other statistical methods. Results in Section 6.3 give us an interesting
counterexample to the common view in TDA that points in a persistence diagram far from the diagonal
are always seen as important features.
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A Kernel two sample test
In this section, we briefly review the kernel two sample test, following [Gretton et al., 2007, Gretton et al., 2012].
Gereneral framework of the two sample test
Let (X ,BX ) be a topological space, P and Q be probability distributions on X , X1, . . . , Xm, i.i.d. ∼ P ,
Y1, . . . , Yn, i.i.d. ∼ Q, and θ(Xm,Yn) be a statistics. If H0 is true, the statistics θ(Xm,Yn) depends
only on P because Y1, . . . , Yn, i.i.d. ∼ Q = P . Here, we assume that the upper α-quantile ξˆm,n,α which
satisfies Pr(θ(Xm,Yn) ≤ ξˆm,n,α) = 1− α is computable when H0 is true. When α is set a small value, if
a pair of realizations (xm,yn) of (Xm,Yn) satisfies ξˆm,n,1−α/2 ≤ θ(xm,yn) ≤ ξˆm,n,α/2, we conclude that
the hypothesis H0 is accepted under H0. Otherwise, we conclude that H0 is rejected. The threshold α is
called the significance level and α = 0.01 or 0.05 is often used.
Kernel method for the two sample problem
Let k be a measurable positive definite kernel on X satisfying ∫X ∫X k(x, y)2dP (x)dQ(y) < ∞. In
[Gretton et al., 2007, Gretton et al., 2012], a statistics
MMDu(Xm,Yn; k)
2
:=
1
m(m− 1)
m∑
i=1
m∑
j 6=i
k(Xi, Xj) +
1
n(n− 1)
n∑
a=1
n∑
b 6=a
k(Ya, Yb)− 2
mn
m∑
i=1
n∑
a=1
k(Xi, Ya) (18)
is used to the two sample test and the distribution function is given as follows:
Theorem A.1 (Theorem 8 in [Gretton et al., 2007], Theorem 12 in [Gretton et al., 2012]). Under the
null hypothesis H0, nMMDu(Xn,Yn; k)
2 →d
∑∞
i=1 λi(z
2
i − 2) where z1, . . . , i.i.d. ∼ N (0, 2), {λi}∞i=1 are
the solutions to the eigenvalue equation∫
X
k˜(x, x′)ψi(x)dP (x) = λiψi(x′), (19)
and k˜(xi, xj) = k(xi, xj)−
∫
X k(xi, x)dP (x)−
∫
X k(x, xj)dP (x)−
∫
X
∫
X k(x, x
′)dP (x)dP (x′).
In order to obtain the distribution of
∑∞
i=1 λi(z
2
i − 2) numerically, we approximate the eigenvalues
{λi}∞i=1 in Equation (19). Let k˜ denote the centered Gram matrix of {x1, . . . , xn} whose (i, j) compo-
nent is given by (k˜)i,j = k(xi, xj)− n−1
∑n
b=1 k(xi, xb)− n−1
∑n
a=1 k(xa, xj) + n
−2∑n
a,b=1 k(xa, xb) and
{µˆi}ni=1 be the set of the eigenvalues of k˜. Then, it is shown from Theorem 1 in [Gretton et al., 2009]
that
∑n
i=1 λˆi(z
2
i − 2) →d
∑∞
i=1 λi(z
2
i − 2) where λˆi = n−1µˆi. Therefore, the upper α-quantile of
nMMDu(Xn,Yn)
2 is numerically obtained from the histogram of
∑n
i=1 λˆi(z
2
i − 2). Since the current
null hypothesis is P = Q, we have Yi ∼ P and we can approximate the eigenvalues on the aggregated
data, that is, the eigenvalues are approximated by the centered Gram matrix of {x1, . . . , xn, y1, . . . , yn}.
We estimate the quantile of
∑2n
i=1 λˆi(z
2
i − 2) by the (standard) bootstrap method. To sum up, the
algorithm of the kernel two sample problem is given as follows:
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Algorithm 3 The algorithm for the type I error by the kernel method
Require: α ∈ (0, 1). m,N ∈ N. x1, . . . , xn: realizations of X1, . . . , Xn, i.i.d. ∼ P . y1, . . . , yn:
realizations of Y1, . . . , Yn, i.i.d. ∼ Q. k: a real-valued measurable positive definite kernel
on X .
1: Compute the upper α-quantile ξˆn,1−α of nMMDu(Xn,Yn; k)2 by the bootstrap method on
the aggregated data.
2: for ` = 1, . . . , N do
3: Resample m samples x1,`, . . . , xm,` (resp. y1,`, . . . , ym,`) from {x1, . . . , xn} (resp.
{y1, . . . , yn}).
4: Compute mMMDu(xm,`,ym,`; k).
5: end for
6: Compute pˆ := N−1
∑N
`=1 I(mMMDu(xm,`,ym,`;k)≤ξˆn,1−α).
7: return 1− pˆ.
Since the output pˆ of Algorithm 3 is the acceptance ratio of H0, 1− pˆ is the type I error when H0 is true.
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